osip Harcet .
orraine He| chs
Imlra Mar eiler




s ‘\ll' /1/111/// N I 2 4
£l/ﬁ/\\\\ 7[);‘///5/ /;;‘ é Fj /,»1//’////
VS £% 2 22, WORKED SOLUTIONS
< = 7 ,’,“/'//

Explorlng further
probability distributions

ki heck s
Skills chec o= \/W _ inzl’i _
1 a Mode (X) = —1, 1 because those two values i=1

share the highest probability of 0.3. _ \/12 04 +22x03+3x02+42x01-2?
Median, m = 1 since P(X < 0) = 0.4 and
K =5-4 =1
P(X<1)=0.7 >
6
u=EX)= Zx,.pi =-1x03+0x0.1+1x0.3 ‘EEBEEREE] L SKis checle
- =0neVar(a
+2x0.1+3%x0.05+4x0.15=0.95 MinX L.
QiX 1.
/Var(X ,zx P - I\Q/Ifxdlanx... ; ﬁ
Maxx 4.
D10[=2. [«]»

1

6
D P =(-1’%x03+0°x0.1+1°x0.3

b 1.1 [ 1.2 | 1.3 SIS

+22%x0.1+3*x0.05+4%x0.15
=0neVar(a
=3.85 2 03 % 2.

3 0.2 3x 2.
=+/3.85-0.9025 =1.72 4 0.1 3 5.

sX : = sn-... #UNDER...

Skills check/ i OX : = Go... 1J5]
D6 [=1. KIE
=0neVar(a
MinX -1,
QX -1. 2 a <FEDEEIERD > Skills check
MedianxX... L. I 4_‘
QX 2. 33,
MaxX 4. 7] 3 100- 7716 % ,0 <x<2
= > 2+ 0, 0502
14
Skills check~ f \
29 1234
=OneVar(a -1+
0 0.1% 0.95
1 0.3 3x 0.95 '
2 0.1 32 3.85 Mode (X) = 0, the part of parabola is opened
3 0.05 sx : = sn-... #UNDEF.. 3
4 0.15 ox: = on.[ 1.71683[F] downwards and it has its vertex at | 0, = |.
D6 [=1.7168284713389 KIC 4
Median, _[(é - ixzjabc N
x| 1 2 3 4 o\4 16 2
b 3 1 5 1
p, | 04 0.3 {02 0.1 “m-—m=-=m=0.695
4 16 2
— : : 2
Mode (X) = 1 because it has the highest 4 = B(X) = J'(ix B iaﬁ)dx
probability (0.4) o\4 16
Median, m = 2 since P(X < 1) =0.4 and _ sz _ ix4T _3_3_3
P(X<2)= 8 64 1o 2 4 4
4 > 2
H=E(X) =S xp=1x04+2x03 o = [T - \/j[ixz—ix‘*jdx _(gj
= 4™ 16 4

+3x02+4x01=2
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WORKED SOLUTIONS

3 572 <GEAEYIERA>  Skils check P
_ [x__si}_z: , 6.9 i a
4 80 J, 16 5 16 £ 0.11685
4
x2-cos(2+x))dx
= [~ 0.487 [—( )
80 4
e S , 1/0.11685027506808 0.341834
w |
3,1 31 0.694593 5
nSoIve(4 m 16 m 2,m) 6/99
2
J (tF100)ax c T6]17] 18
0 y A
2 0.2375 24 6
(x2-F1(x))dx-(0.75)2 n el 3<x<6
- & L 0, 3>x>6
0.5
M 13 ] 1.4 | 1.5 RTINS f . . . . . . : . .
, 0 1.2 3 4 5 6 7 8"
J (x fl(x)) »
JZ(Xg.fI(X))dX_(Oﬂ)z 02375 Mode (X) = 3 because it is a decreasing
function on the interval [3, 6].
“ Median, [ f(x)dx == = m =4
| & 0 2’
4/99 6
pu=E(X) = [ (x)dx = 4.16
b |2l 15] s DS 3
6
| cos2n, Frax < o =Var(X) = [[%*f(x)— i’ = 0.839
f1(x)= A )
0 3oy
M 1.7 ][18]19 |3 Skils check
(0:1) 6 4, W
Sol 6 4.1
nSolve 2 dx o
T T m
»-1 0 1 5
¢ 14 5 l4.15888
) ) ) 6
Mode (X) = 0, it has the maximum point at (0, 1). (X' X_z) o
3
. - 1 v
Median, | f(x)dx = J=m= 0 34
I
p 3 ol 1.7 [1.8]1.9 |2 Skils check
4 X2 [l
yzE(X)zjxf(x)dx=0 3
T 6
4 [ x2~% dx
3
_ ] _ 2 2 =
o =yVar(X) = 0.342 \/ 18-(4.1588830833503)2  0-838863
; 5
3/4
<ERBETIERD>  Skills check
(4]
m . 0. 3al1-05+025-0125+...=u4,=1,r=-0.5
nSolve [ €0s(2-x) dx = 5 ,m Sum — 1 _ L B g
7 1-(-0.5) 15 3
I 0.
4
J_n (x-cos(2:0)dx b \/§+1+£+1.. :>u1=\/§,r=L
e " 2 2 V2
4/5
Sum= Y2 __ 2 2+1_, 55

= = X =
I_L \/5—1 \/§+1
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1

4a f)=5— %2
-1x-1 1
= W= e
:jf(x)dx: P Q@ -x)tex<2
—-X

b flx)=e""= f’
= [f(x)dx =[edx =~ &+ ¢

(x) — 3e3x+1

3. m-2x

c f(x)= Esm

3 T - 2x
= x)dx = | =sin d:
[ Fdx = [Jsin™—
3 1 T—2x 9
= x—-——Cos + ¢ = =cos
2 2 3
3

d f(x)=("-2)

= f(x) = 2(x" - 2) x 2x = 4x(x* - 2)
= [ f(x)dx = [(x

= [(¢" = 4x* + 4)dx =

Exercise 1A

k 1+% 2+k
1l a + —

—2)%dx
5

5

=1=3+3k=12=Fk=3

x #2

3
x——%+4x+c

12 12 12
b x=y 0 1 2
3 7 12
F&O V| 2|
0,x<0
= F(x) = x+7x+6, ~0,12
24
Lx>2
2 a a—2+a—4+a—6+a—8:1
20 20 20 20
=4a-20=20=a=10
b | x=y4 1 2 3 4
8 14 18 20
F&O | % | 20 | 20 | 20
0, x<l1
2
= Fx) =12 "% +2123 4
1, x>4
14 7
P(X<2)=FQ)=—="L
c P( )=F(2) 0~ 10
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WORKED SOLUTIONS

P(X = 0) = F(0) = %

P(X =1) = F(1) - F(0) =

P(X =2)=FQ2) - F()=1- L=
x+1

%:P(Xx){?’

0, otherwise

x=0,12

The modal value of the variable X is 2 since it

has the highest probability, P(X = 2) = %
1
P(X=1)= F(l) =
(X=D)=F) =
P(X =3) = F(3) - F(1) = 2—35
P(X =5) = F(5) - F(3) = 2—55
P(X =7) = F(7) - F(5) = 215
P(X = 9) = F(9) — F(7) = 21
POX - ) - 2 %=1357,9
0, otherwise
Median, m =7 since
16 _ 1
F5) =2 Py =161
©) and F(7) = 39> 1

3 id
[2sinbrds =1= 2[—%eosbx}3 -1
0

0

[bnj b
= cos| — | —cos0 =——
3 2

:cos[b—njzl—é:bzl
3 2

Exercise A~

O‘

T

nSoIve( J 3 (2-sin(b-x))dx=1, b
0

' il
nSolve (cos( bT) 1—— b o
nSolve (cos( T) 1—— b,0. 5

v

1/3

F(x)= T f()dt = F(x) = jf2sintdt

=[-2cost]; =—2cosx + 2

0,x<0

= F(x) = 2—2cosx,0£x$§

1,x>E
3
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o rfrefmrleagloeoy

=1—2+2cos(%j:\/§—1=0.732

6 a Since the function is not defined for the values

of —2 and 2 we need to use limits.

. . 1 . X b
lim =lim| —arcsin=
P/ 21,

j dx
b—2 T l4_x2 b—>2

2
= l[eurcsin f} = l(aurcsinl — arcsin(—1))
T 21, &

T\2 2 .
The function is well defined if I f(x)dx =1
The modal value is the value of the random

variable X where probability reaches its
maximum.

3
Fix) = 1(—lj<4—x2)z (2x)
T\ 2
X ’
=———, f(n=0=>x=0
(4 - x*)?
y
9_
6_

ub

X ~ Geo(0.25) = P(X < 4) = 0.684
b X ~Geo(0.7) = P(X > 6)
=1-P(X < 6) = 0.000729

X ~Geo(0.3) > P(5< X <7)

=P(X<7)-P(X<4)=0.158
d X ~Geo(0.991) = P(1<X<7)

=P(X<7)-P(X<1)=0.009

o 1112 B
geomCdf(0.25,1,4)

CH1 Exercise B 7

1-geomCdf(0.7,1,6)

geomCdf(0.3,1,7)-geomCdf(0.3,1,4)

0.009

0.683594 "
0.000729
0.157746
geomCdf(0.991,1,7)-geomCdf(0.991,1,1)
v

4/99

X ~ Geo(0.73) = P(X < 3) = 0.980

X ~ Geo(0.92)

a P(X =5)=0.0000377
b P(X >4)=1-P(X <3)=0.000512

X ~ Geo(0.15)

geomCdf(0.73,1,3)

< » CH1 Exercise B~/

geomPdf(0.92,5)

1-geomCdf(0.92,1,3)

geomPdf(0.15,4)

WORKED SOLUTIONS

1-geomCdf(0.15,1,6)

0980317 o
0.000038
0.000512
0.092119
By looking at the graph of the probability 05718
function we notice that the graph has only one B
extreme point and that is the minimum point 5/99
at 0, therefore the modal value doesn’t exist.
Exercise 1B
1 a X~Geo(0.6)=P(X=2)=04x%x0.6=0.24
b X ~ Geo(0.14) = P(X =3)
=0.86* x 0.14 = 0.104

a P(X =4)=0.0921
b P(X>7)=1-P(X <6)=0.377
6 X ~Geo(p)=>P(X >k)=1-P(X <k)

0 k
=1- > q¢"'p=1-p 2 q"
n=1

c X~ GeO(OS) = P(X = 4) n=k+1
=0.5° x 0.5 = 0.0625 ot geom. seq
_ _ Lk _ Lk
d X ~Geo(0.88) = P(X =5) =l—p1 q :l—pl q C1-(-g)=¢'
=0.124x 0.88 =0.000182 l-¢
CH1 Exercise B
geomPdf(0.6,2) 024 OR
geomPdf(0.14,3) 0.103544
geomPdf(0.5,4) 0.0625 X ~ Geo(p) = P(X > k)
geomPdf(0.88,5) 0.000182 B . . X
n—-1 k n—-1 k k k
= q p=4gpXx q =qp—=9pPp—=¢g
;l Z_:‘ l-¢ p
inf. geom. seq.
o
4/99
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Investigation 1
X ~ Geo (p)
a p=04=PX >5|X>3)
_P(X>5N(X>3) _1-PX<5) _

P(X > 3) 1-P(X <3) 36
P(X >2)=1-P(X <2)=0.36
b p=07=>P(X>6|X>2)
_P(X>6)n(X>2) 1-P(X<6) _0s
P(X > 2) 1-P(X <2)
P(X >4)=1-P(X <4)=0.0081
c p=012=PX >12| X >5)
_P(X>12)n(X>5) 1-P(X<12) 409

P(X > 5) 1-P(X <5)
P(X>7)=1-P(X <7)=0.409

«FPIEEIEED > CH! ExerciseB

1-geomCdf(0.4,5) 0.36 "
1-geomCdf(0.4,3)
1-geomCdf(0.4,2) 0.36
1-geomCdf(0.7,6) 0.0081
1-geomCdf(0.7,2)
1-geomCdf(0.7,4) 0.0081
|
v
4/99
<~EPIEEDEYD > CHi ExerciseB
S oo iver - STy
1-geomCdf(0.7,6) 0.0081
1-geomCdf(0.7,2)
1-geomCdf(0.7,4) 0.0081
1-geomCdf(0.12,12) 0.408676
1-geomCdf(0.12,5)
1-geomCdf(0.12,7) 0.408676
I
]

X ~Geo(p);mnel ;m<n

=>PX >nlX >m)= P((X;gf;(’f;m))
_M:i: n—m _ _
“Paom g ¢ TR&>nom)

Exercise 1C
1 For 1B, Question 1:

a X ~Geo(0.6) = B(X) = OL ~1.67,

Var(X)— 0.6 —1 11

b X~Geo(o.14):>E(X)=ﬁ=7.14,
0.86
Var(X) = 280 _ 439
ar(X) = 142
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WORKED SOLUTIONS

¢ X ~Geo(0.5) = B(X) = % -2
Var(X) = 0552 )
d X ~Geo(0.88) = E(X) = % ~1.14,
Var(X) = 0 12 _0.155
For 1B, Question 2:
a X ~Geo(0.25) = E(X) = —— = 4,
0.25
0.75
Var(x) = 27> _ 1
ar(X) =525

b X ~ Geo(0.7) = B(X) = OL —1.43,

Var(X) = 00'732 ~0.612

¢ X ~Geo(0.3) = B(X) = OL —3.33,

Var(X) = 27

=178

1

d X ~Geo(0.991) = E(X) = o

=1.01,
1
0.009
0.991
X ~ Geo(0.73)

a B(X)= 0173 ~1.37

- [Var(X) = ﬁ - 0.712

o =EX) 430 =1 1 3x |22 _35
0.73 0.73

Mario must make four shots to destroy

Var(X) = =0.00916

the balloon.
CH1 Exercise C r
1 (]
_1 1.36986
0.73
0.711802
0.27
(0.73)?
. 027 3.50527
_+3, —_—
0.73 (0.73)
o
16/99

1

3 X ~Geo(0.54) E(X)=—— =185
eo( ) (X) 0.54

_ [Var(x) = [ 220 _ 126

0.54*
X =B(X) +30 = 1 +3x [ 240 _56)
0.54 0.54
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WORKED SOLUTIONS

b X ~NB(0.5 2) = P(X > 6)

Therefore, we must select 6 students at random
to ensure that one of them will be familiar with

the election procedure.

Exercise 1D
1 a X~NB(0.2)=PX =2)

2-1
= 0.8x0.2=0.16
1-1

b X ~NB(3,0.5 = P(X = 4)

4-1 ,
= 0.5x 0.5 = 0.188
3-1

¢ X ~NB(7,0.8) = P(X =9)

9-1
= 0.2° x 0.8" =0.235
7-1

d X ~NB(23,0.77) = P(X = 32)

32 -1
= 0.23° x 0.77% = 0.00847
23 -1

CH1 Exercise D </

nCr(31,22)-(0.23)%(0.77)%2 0.008467

&
4/99

2 a X ~NB(0.25,3) = P(X < 4)
13

=P(X =3)+P(X =4) = — =0.508
(X =3)+P(X =4)= 5

© Oxford University Press 2015: this may be reproduced for class use solely for the purchaser’s institute

nCr(1,0):0.8:0.2 0.16 o
nCr(3,2)-0.5-(0.5)3 0.1875 < E> CH1 Exercise D
nCr(8,6):(0.2)%(0.8)" 0.234881

6
—1-YP(X = k)= =0.109
k=2

64
CH1 Exercise C </
1 1.85185 o N 11]12 3 CH1 Exercise D .
0.54 —
1.25599 0.050781
0.46
(0.54)2 6
. 026 561981 - g (nrik-1, 2-1)(0.5)2(0.5)2)
0.54 3 (0.54)2 k=2
0.109375
9 |
19/99 5
2/99

c X~NB(0.82,4)=P5<X<7)

= iP(X = k) = 0.525

CH1 Exercise D </

k=5
0.524751

(a]
0.109375
7
g (nCrk-1, 4-1)-(0.18)4(0.82)*)

&
3/99

d X ~NB(0.43,5)= P(8< X <11)

11
=3 P(X = k) =0.326
k=9

k=9
0.325959

(al
0.524751
11
g (nCr(k-1, 5-1)-(0.57)-5-(0.43)°)

&
4/99

3 a P(X=3)=ﬁ:>[3:3(1-p)x;92

<EERER CHL Exercise D i 125 2
(4]
4 p,=-0274
g Cr(k-1,3-1)(0.75)73-(0.25)° 24 12 2
(nr( )( ) ( )) :_:)pZ_pg’:_:} pZ:_
k=3 125 125 5
0.050781 7, = 0.874
2
| Thus p = 5= 0.4
¥
1/99
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WORKED SOLUTIONS

We can say that it is almost certain that he will not
need to interview more than a dozen students.

b X~NB(2,§]:>P(3£XSS)

5 <FEDEYIEED > CHI Exercise DV [
=Y P(X =k)= 125 =0.503 0.047339 [
k=3
nCr(5,4):0.08:(0.92)° 0.263633
«EEDEPIEED> CHlErerciseD v [ 12
(]
ponRoots(‘P3+P2‘ _2 Z (ncrlk-1, 5-1)(0.08)~%{0.92)f)
k=5
{-0.274456% 5 0.874456) 0.999999
5 1572 4/9%
Z(nCr {k-1,2-1)- (3 3125
= . 7 a X ~NB(0.85,3) = P(X = 5) = 0.0829
2% b X ~NB(0.85,3) = P(X >7)

=1-P(X <6)=0.589

4 a X~NB(2, i]

R 1314 15 DGEEER
(4]
b X~ NB(Z, lj =P(X =x)= 3 0.999999
4 32 nCr(4,2)-(0.15)2-(0.85)3 0.082907
x — 1 3 x-2 1 2 3 6
= = R ) ). k3 ar )3
(2 B J (4) X (‘J 3 1 %(nCr(k 1,3-1)0.15)%3-(0.85) )
23 0.005885
>kx-)—=—>=>x=3 | -
32 6/99|
1
© X~ NB(z’ Z] = PX <5 Exercise 1E
5 47 4 1 x 1 4-x 4 1 4
=SP(X =k)= L = Iy (Ly _ 1
; ( ) 128 1 PX =x) [xj(Zj (ZJ (x](Zj

b 1.2 [ >  CH1Exercise D
((x-1)-3* 2 3 =o)<) 3. [ x| 0 1 2 |3 4
nSolve & 30 i i i i i
5 47 Pil 16 | 16 | 16 | 16 | 16
1\ 128
Z(nCrk 1,2- 1) )) . 1 3 )
k=2 Glt)=—+—-t+-t"+-+—1
| 8 16
2799 2 5 T1(2]3 .. 2
k-1 _
1] 5] 25 [Ej L1
5 a X ~NB(0.85,4)= P(X =5)=0.313 b, 6 1361216 6 Oge 6"
b X ~NB(0.85,4)=P(X >7)
: Gy =Lev iy B,
=1-P(X £6)=0.0473 6 36 216
L 1.&(5)Y
<FEDEYDEED > CHiExerciseD v [ +_1et +.._:g[' (g[j
nCr(4,3)-0.15+(0.85)* 0.313204 6 kf:o
1ni. geom. sequence
6
1 1 1 & t
1- Crlk-1, 4-1)-(0.15)**(0.85)* =—rx =X =
> lboer, - Hos)oss)) AR
k=4 1-—¢
0.047339 6
‘ét <1:—1<—t<1:—§<r<é
o 6
2/99
2
6 a X ~NB(0.92,5) = P(X =6)=0.264 3 a G(t):32t= 31 =§+%t+%t2
b X ~NB(0.92,5)= P(X £12) =0.999999 ~ 1 1_§t
TR 5‘1t’€+...:>P(X=O)=g
3 3
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WORKED SOLUTIONS

b P(X<)=P(X=0)+P(X=D=2+2-5 & Forauesiont:
G@) = Ll 3p sy it“,
c P(X>3)=1-P(X <2) 16 4 8 4 16
, 1 3. 3, 1 ,
=1_(3+3+3j=1_§:i G(t):Z+Zt+Zt2+Zr3:>G(I)=2
39 27 27 27
d P(X2k)=1-P(X<k-1) cr=>+3r+3r o 6a)=3
2 2 2 4 2 4
=1- (— + =+ .4+ j , ”
39 3t E(X) = G'(1) = 2; Var(X) = G"(1)
§(1—31,€J . LG -G M) =3+21-2)=3-2=1
=1 114 =—
1 3 3 < EEr) CH1 Exercise E
l_g f1(1) 1[4
4 a X~B(Qp) et ’
X 0 1 a? _ 3
AR Lt
GH)=1-p+pt o
G'(t)=p,G"(t) =0 0
E(X)=G'(1) = p, For question 2:
t , 6 — 5t —t x (-5)
" ' ' G(t) = , G'(t) =
Var(X) = G"(1) + G'(1)(1 - G'(1)) O =550 0= 5
=0+ p(1-p)=p( - p)[= pql =6(6-5)"=G'(1)=6
b<X~NanLGm=(f%J G"(t) = ~12(6 - 5¢)° x (-5)
—q
. =60(6 — 5t)2 = G"(1) = 60
G'(t)=r| 2 p( - gt) — pt x (=q)
1—gr (- g E(X)=G'(1) = 6; Var(X) = G"(1)
r—1 ’ ’
; 1 + G’ (D1 = G'(1) = 60 + 6(1 — 6) = 60 — 30 = 30
-9 ( - qt) M 1112 > CH1 Exercise E
G=mppr="L o A
p 2(1) 1
d 6
Gl!(l_) — mr (1, _ l)l_r—Z (1 _ ql_)—(rJrl) &(fZ(X))IX=1
2 60
+ 't (~(r + D)1 - gty P x (—q) g2t
¥
=t 21— @) " ((r - DA - ) + (r + Dgr) 6/99
G”(I) — mr Xp—r—Z ((1’ _ l)p + (7’ + l)q) For question 3:

2
—_— G(t)=—",G'(t) =203 - -2
:Lz(—p+m+rq +q)=L2(—p+r+q) © 3-t ®=26-1
p P .
=G1)=23-1)2=~
E(X)=G'() =, 2
: G'(1) = 4G - 1) = G"(1) =43~ 1)* =
Var(X) = G"(1) + G'A)1 - G'(1) 1 2
E(X) =G =1,

=L2(—p+r+q)+£[l—1j
b4 p p Var(X)=G"(1) + G'(H(A - G'(1)

:—>R+>2\+>;1+r:v—>2\=ﬂ _1+1(1 1) 1

; ’ 27273t

1 3
= = — + = —
2 4
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ol 1.1 CH1 Exercise E <7

12 3

ax?
3(1)

(13 )w-1

&
(lfz(fs(x))lm

9/99
6 a P(le)— P(X =d)=2x1x3,2_2
7 3 7 3 49
b G()= —t+3><2t L3 Lldp
7 3 7 3 7
3.1_.3_2 3 .1_3_1_24
+IX—XoXxZ P+ I x—xoxZx=1
7 3 7 3 7 3 7 3 7
31 3 1 3 2 4
F =X =X=X—=—X=X—1"4..
7 3 7 3 7 3
=£t[1+lt2+ir4+...j
7 7 49
+2p 1+lt2+—t4+...j
7 7 49
=(4t+zt2j(l+%t2+ tt+ j
_Ar+ 27 1 at + 217 b 4t + 21
- 2 2
Verifying: G(I):4+f=g:1
4t+2t 4 + 41)(T — 12) + 2¢(4r + 212
c G(f)— 2 ,G() ( )( )22( )
(7-1)
_4(7+7—r2—}<+2t2+R)_4(7+7t+r2)
(7 -1*) (7 - £2)
/ 47+7+1) 5
EX)=G(1l)=———FFL==
(X)=G'() 71 3

The expected number of shots before the game
is over is 2.
d G@)=4(7+ 7t +t>)(T - t*)7?,
G"(t) = 4(7 + 2t)(7 - t*)7

— 27 - t7)° x (2t) x 4(7 + Tt + t*)
_ AT+ 20)(T - £2) + 41(7 + 7t + 1))
(7 -7y
_ 449 +14r - 71" — 2% + 281 + 28¢° + 41°)
(7-1¢°)
_ 4(49 + 421 + 2117 + 2¢°)
(7-¢)
:G”(l)=4(49+42+321+2)=—9
(7-1) 9
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WORKED SOLUTIONS

CH1 Exercise E

dx2 -
(1) 1

2 (a1 2
p 9
alfl)w-1 9

|
Var(X) = G"(1) + G'()(1 - G'(1))
=Q+§(1_EJZB_E=1

9 3 3 9 9

xasz(X)+30'=§+3><x/I=

4 _467.
3

Therefore, the maximum number of shots to be
made before the game is over is 5.
Exercise 1F

1a Gm(t)=Gx<r)xGy<r):[“43fj2

X(2+1)2_(2+7t+3t2J2
3 12

2+7t+32) 4 28
Gy, (t)=| """ | = — + =2
b ”()( 12 J 144 144
:>P(X+Y_1)_ 4 ﬁ:ﬁ:%
144 144 144 9

c G,,@®)= >< 2(2 + 7t + 3t*)(7 + 6t)

:>E(X+Y): X+Y(1)_

Gy (1) = G4 () x Gy (2) :(2 t_ tj « [3 _IZJ

£ ’
_(6—7t+2t2j

b E(X +Y)=G'(1)=15

><12><13——
6

c Var(X +Y) =G"(1) + G'())(1 - G'(1)
=234 +15x (-14) =234 — 210 = 24
T CHI Exercise F - -
i((ﬁ-ﬁ)m 15
Sl e 231
2/9§

0.05(£-1)

GX (l’) — eO.ZS(t—l)’ GY (f) — eO.lS(t—l)’ Gz (l‘) —e
b Gyyr(1) = Gy (1) x Gy (£) x G, (1)

= 02501 50 Q0151 o Q0.05(=1) _ 045(+-1)
Gyiyy () =" = X +Y + Z ~ Po(0.45)

P(X +Y + Z<2)=0.989

Statistics: Chapter 1




<EEDEWD>  CHlExerciseF x
poissCdf(0.45,0,2) 0989121
|
1/99
pt
4 X ~Geo(p), G, (1) =
-9

Y~NB(r, p), Y=X+X+..+ X = G,(¢)

~
7 terms(sucesses)

=G yix ax (O) =G () X Gy (2) X ... X G4 (1)

7 factors
[ jr

X, ~ B(np p), GX] (r)=(q + pt)*

X, ~B(ny, p), Gy, (£) = (g + pt)”
=Gy (1)) x Gy, (1) = (g + pt)" x (g + pt)*

v terms

pr
1-qt

Xpt

1-gt

= pt X pt X
l-gt 1-gt

r factors

} = GX1+X2 (t)

=(@+p)"" = X, + X, ~B(n, +n,, p)

1st Base

For n = 1, the statement is trivial: X, ~ B(n,, p)
Forn = 2, in part a we proved that

X, + X, ~B(n + n,, p)
2nd Assumption

Let’s assume that for # = & this statement is true:
k k

in ~B Zn,., pj

i=1 i=1

3rd Step
k+1
Forn=k+1,) X,

i=1

= Zk:Xz + Xy

i=1

by the assumption the first term has a binomial
distribution and by the given proposition in the
question X, ., ~B(n,,,, p). Now we use the fact
from part a that the sum of two binomial
variables with the same probability p satisfies
the following:

k k
X ~B| S, :
;Zzll ’ (z‘zlln’ PJ = ZXz' + Xy ~

X ~Bn,, p) -

3
B(Z”i + M pj
P

4th Conclusion
k
Now we can conclude that Y= X, ~ B

i=1
for all the positive integer values of k.

k+1

:

dn,p
i=1

k+1

=>X~B
i=1

)

(20t}

© Oxford University Press 2015: this may be reproduced for class use solely for the purchaser’s institute

WORKED SOLUTIONS

Review exercise

1 a G)=—2 %, 11
5—t¢ T
5
=étx[1+lt+it2+it3+---)
5 5 25 125
=ét+it2+it3+il’4+---
5 25 125 625
:>P(13Xg4):£+i 4 4 0624
5 25 125 625 625
b P(Xzz)=1—P(Xsl)=1—(ﬂ+ij=1_%=i
5 25 25 25
c G(t) = 4t ,G,(t)=4(5—t)-|;4t
5-¢ G-1)
=LZ:E(X):G’(1):§:§
(5-1) 16 4

G'(¢) =205 - £)2,
G'(£) = —40(5 — ) x (=1) = 40(5 — £)°
= Var(X) = G"() + G')(1 - G'(1))

—40x4t 42 122235 3
4 4 8§ 16 16
CH1 Rewiev ...ise
dfat).. 571
dt\ 5t )'t ! 4
Alat)._ >
dt?\ 5-t )'t ! 8
5 5[ 5 5
m'(*z) i6
3/99
2 a GX (f) =e0.6(z—l), GY (t) — eO.lZ(t—l)’ GZ(Z') — e0428(z—1)
b GX+Y+Z(t) = GX(t) X Gy(t) X Gz(t)

— Q060D o Q0120-1) o L028(-) _ ot
t-1
Gyy.,(t)=¢" =EX+Y+ Z2)
-1 _ 0
=Gyy.,()=e" =e =1

The expected number of animals at the meadow
at the given moment is 1.

¢ Gyy,()=€e"=X+Y+Z~Po(l)
P(X+Y+Z22)=1-P(X+Y+Z<1)=0.264

M 11123 CH1 Rewiev ...ise r
1-poissCdf(1,0,1) 0.264241 &
K
1/99

Statistics: Chapter 1




3 ai X~Geo0.75) = P(X =4)=0.0117
i Y ~NB(2,0.75) = P(Y = 4)

2 N025 0752 = 2L ~0.105
2-1 256

i P(X >3)=1-P(X <2)=0.0625
iv Z~ NB(@,0.75)

1
= P(Z<10)= (2 1]0 75¢

7 6
+(6_J075 x 0.25 + ..

+ 10-1 0.75°x 0.25* = 0.922
61
b E(Z)= % = &, the expected number of

students needed to be selected if we need six
involved in the programme is eight.

<EXDE¥R EED > CH1 Rewiev..ise

= e

geomPdf(0.75,4) 0.011719
nCr(S,1)-(0.25)2-(0.75)2>approxFraction(5.|>
27
256
1-geomCdf(0.75,2) 0.0625
¥
3/99

4» CH1 Rewiev ...ise v

4
(0.75)° g (ncr(5+k,5)-(0.25)"

k=0 0.921873
6
0.75

g
5/99|

2
4a FQ =122 =1=a=2=a=2o0r
a

a><7 since a must be positive

0<x<2
b F'(x)= f(x)= f(x) = zz et
0, otherwise
Y 0<x<2
=142
0, otherwise

¢ Since f(x) is increasing on the whole interval
[0, 2] the modal value of the variable X is 2.
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WORKED SOLUTIONS

5 a G(1)=1:»Lb=1:>a—b=1:sb=a—1
—

b G'(t)=a bt—tj(—b): a .
a— bt (a—bt)
N4 _a _
=B =6 = "7 =p=a
c G'(t)=ala—bt)?,
G"(t) =ax(-2)a—bt)> x (- b)——b3
bt)

Var(X) = G'(1) + G'(1) (1-G'(1))

= Za(;_ D +a(l - a)

=2d’-2a+a-a*=a*—-a

X, ~ Po(m), Gy, (1) = "™ Y
t
X, ~ Po(m), Gy (1) =" [ 7 T

— C;X1 (t) X GX2 (t) — em(z‘—l) % em(t—l) — em(l—I)+m(t—l)

=Y = X, + X, ~Po(2m)
1st Base
For n =1, the statement is trivial: X;~ Po(m)

For n = 2, in part a we proved that X,+ X,~ Po(2m)

2nd Assumption

Let’s assume that for n = % this statement is true:

Zk:Xl ~ Po(km)

i=1
3rd Step

k+1 k
Forn=k+1,) X, =Y X,+ X,,, by the

i=1 i=1
assumption the first term has a Poisson
distribution with the coefficient £ and by the
given proposition in the question X, , ~ Po(m).
Now we use the fact that the coefficient of the
sum of two Poisson variables is the sum of the
coefficients of those two variables.

k
X. ~Po(k L
Z ; ~ Polkm) = > X, + X, ~ Po(km+m)
X, ~Po(m) o
k+l
= > X, ~Po((k + )m)
i=1

4th Conclusion

Now we can conclude that ¥ = ZX ; ~ B(nm)

k=1
for all the positive integer values of 7.

Statistics: Chapter 1




Skills check

N | W

np =2
1 3 =>2q==-=>q=-,

npq ==
qu

b PA<X<3)=Y (%) ij Gj” ~0.786

k=1

< » CH2 Skills check [
4]
1 0.311462[
binomPdf (8,1,2)
1 0.786072
binomCdf (8, 1,1,3)
5
2/99

2 X ~Po(m) = E(X) = Var(X)
7a*=6a>-9a -2=6a"-7a*-9%a-2=0
= Qa+1D)Ba+1)(a-2)=0

<EXDE®D »  CH2 Skills check v
31 y
1(x)=6%°-7x°-9xR

14
(-0.5,0) (-0.333,0)

-3 \ 1 3

» -3

1 1
:>a1=—5,a2=—§,a3=2

We see that all three values of a give positive
values of the parameter m:

mlzz,mzz—,m3=28

© Oxford University Press 2015: this may be reproduced for class use solely for the purchaser’s institute

WORKED SOLUTIONS

Expectation algebra and
Central Limit Theorem

Exercise 2A
1 E(X)=5.3, Var(X)=1.2

a EGX)=3x53=159,
Var(3X)=3"x1.2=10.8

b E(X +3)=53+3=8.3, Var(X +3)=1.2

(2]

E(4X +1)=4x53+1=222,
Var(4X +1) =4’ x1.2 =19.6

[-B

EQX -5)=2x5.3-5=5.6,
Var(2X —5)=22x1.2=4.8

e E(BX + p)=Fkx53+ p,
Var(kX + p) = k> x1.2 = 1.2k

X~B[1o, %j:E(X)=10><§:4,

Var(X)=10x2x2=12_24
55575

a EBX+2)=3xE(X)+2=3x4+2=14

b Var(3X—2)=32xVar(X)=9x%=%=21.6
2 1 3
Y ~Geo| 2| E¥)=+=3_-15
cof 3] = B F-3-18
3
1
33
Var(Y)= -3 =2=0.75
ar(Y) [2j2 2
3
3

EQY -1 =2xE(¥)-1=2x7-1=2,

Var(2Y — 1) = 22 x Var(Y) = 4 x % -3

4 Y ~Po(2Q)=EX)=2,Var(Y)=2

a BE(3-2Y)=3-2xE(¥)=3-2x2=-1

b Var(3-2Y)=22x Var(Y)=4x2=8

Statistics: Chapter 2




5 X~ NB(S, %) = B(X) =

WORKED SOLUTIONS
4, Exercise 2B

1 a E(LX+Y)=3+(-5)=-2,

W | —| oo

8x=
Var(Y) = 1 3 — 48

2

3
a EQX-3)=2xE(X)-3=2x24-3=45
b Var(2X — 11) = 22 x Var(X) = 4 x 48 = 192

6 X~B(15 p)=EX)=np=>15p=6=p-=

Var(X)=npq:>Var(X)=6x%=%:3.6

Var(5X +3) = 5 x % - 90

2.5 1.63299

3

B,
(xz-—-x)dx—(1.6329931618555)2 5
1/3

< > CH2 Exercise A </

% 3 1.63299

(Xz%.x)dx_(1.6329931618555)2

0.333333]

o &
& @ > £

%

E(3X+2)=3x§\/6+2=2\/6+2,

Var(3X+2):32><§:3
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Var(X+Y)=05+14=19

b EQY - Z)=2x(-5)-12=-22,
Var(2Y - Z) =2 x14+28=84

¢ BQZ-TX)=2x12-7x3=3,
Var(2Z - 7X)=2*x2.8+ 7" x0.5=235.7

d E(X-Y+2)=3-(-5)+12=20,
Var(X - Y +Z2)=05+14+28=4.7

e E(X+Y-2)=3+(-5-12=-14,
Var(X +Y - Z2)=05+14+28=4.7

f E(RZ-2X +4Y)=3x12-2x3+4x(-5) =10,

Var(3Z — 2X + 4Y) =3 x 2.8 + 2> x 0.5
+4°x1.4=496

Var(X)=2 = X ~Po(2) = E(X) =2 and
E(Y)=5=Y ~Po(5) = Var(Y) =5

a EBX +5Y)=3x2+5x5=31

b Var(1lY - 7X) =11 x5+ 7> x 2 = 703
E(X)=9= np=9= Var(X) =91 - p)
E(Y)=4= np=4= Var(X) = 4(1 - p)
Var(2X —3Y)=2x9(1 - p) + 3> x 4 (1 - p)

=72-T72p

E(X)=8=1=8=
p

Var(X)=8x =2 -8 _3g
p p

EM)=12=2=-12>
p
12

Var(¥)=12x =2 -12_p
p p

Var(X -Y)=2-8+12_12-20_
P p p

Given the n independent variables and their
corresponding parameters

X, E(X,)), Var(X,),neZ’

1st Base

n=1

X,, E(X)), Var(X,) = E(aX,) = aE(X)),
Var(aX,) = a*Var(X,)

Statistics: Chapter 2




WORKED SOLUTIONS

2nd Assumption b Since we have 6 independent flips of the same

Let’s assume that for # = k the statement is true so coin we add six instances of the variable X.

k . .
the parameters of ) a.X, are calculated as follows: c¢ Find the exPected value and variance of the
i1 random variable Y.

k k 1 1 3
E(;aiXiJ = ;aiE(Xl') and E(Y) =6 x 5 =3, Var(Y) =6 x n = 5
k k
Var(za,»X,-j = ZafVar(Xi) d E(Y)+3x,Var(Y)=3+3 x\g
i=1 i=1
3rd Step =3+3.67= ye[-0.67,6.67]
Forn=Fk+1, ki X = Zk: X+ X, We notice that all the possible outcomes {0, 1, 2,
=1 =1 3,4,5, 6} are covered by the 99.7% empirical rule.
kil k 2 Let’s roll an unbiased die 4 times. Record the number
E ;aiXi =E Zl:aiXi + G X of multiples of 3 obtained.
@l Xx=x [0 |1
k
- E[Zain'] + E(a, X1) P{X=x} 211
i=1 3 3
k ket 2 1 1
=Y aE(X,)+ a,E(X.,) =D aE(X)) E(X)=0x 3t 1x 373
i=1 i=1
2 1 (1Y 1 1 2
< £ VarX:OZx—+12><——(—j:___:_
Var(ZaiXij = Var[Zal.Xi + aanmj % 3 3 3 3 9 9
i=1 i=1
k b Since we have 4 independent rolls of the same
= Zaiz Var(Xi) = a,fHVar(X k+l) die we add four instances of the variable X.
i=1
8
9

ZaiXi

i=1

kil c E(Y)=4xl=£,Var(Y)=4><g=—
=Var( j 3 3 ?

3 a EX+X+X)=3xEX)=3x3=9,
4th Conclusion
Var(X + X + X)=3xVar(X)=3x4=12
The parameters of a linear combination of 7
random variables can be calculated by: b EBX)=3xE(X)=3x3=9,

n n Var(3X) =3’ x Var(X) =9 x 4 = 36
E(Za,x,.j =Y aE(X)),

i=1 i=1 ¢ Var(X + X + X +3X) =3 x Var(X)

+ 3% x Var(X) =12 Var(X) =12 x 4 = 48

Var(6X) =6"Var(X) =36 x4 =144 =

Var(X + X + X + 3X) # Var(6X)

Var(iaiX,j = iafVar(Xi)
i=1

i=1

Exercise 2C

1 Let’s independently flip 6 unbiased coins and 4 a B+ X+ X+X+X)=5xE(X)=5x2=10

record the number of heads obtained. Var(X + X + X + X + X)=5xVar(X)=5x1=5
[ x=« 01 b E(Y +Y +Y)=3xE(®¥)=3x5=15
P{X=x} 111 Var(Y +Y +Y)=3x Var(Y)=3x3=9
2 2

c EX+X+X+X+X+Y+Y+7)
=EX+X+X+X+X)+EX +Y +7)
=10+15=25

E(X)=0xLt+1xi=L
2 2 2

2 1 1 ’
Var(X) =0"x -+ I"x - —| = | =
2 2
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WORKED SOLUTIONS

Var(X+ X+ X+ X+ X+ Y+ Y+7Y) 6 E(X)xEQY)=EXY)= ux(u+2)=pu’

=Var(X + X+ X+ X+ X)+ Var(Y +Y +7) S’ -p@-2u=0

=5+9=14 S>u(u+D)(u-2)=0
5 a X=x 1 ) 3 4 D}g/fﬁor}g,/lory=2.
_ l l l l 1.1 )2 CH2 Exercise C~
PX=xb gyl g | 2| 3 34y
100=33x2-2x
1 1 5 1-
E(X)=-x(1+2+3+4)=-x10== (-1,0) 0,0 | 20
4 4 2 T T T T T 7]
-5 1 5
Y=y 1 2 3 |
N SO O , 5
AY=y) | 5 3 6
1 1 1 5 .
E(Y)=5xl+—x2+—x3=§ Exercise 2D
L1 1 a u=1-(-2)-3=0,6>=0.16+0.25+1.21=1.62
b 1P({l,1})=—x—=—
472 8 Y - Z -W ~N(0,1.62)
2:P({1, 2jor{2, 1)) =2 x Ly L Lo 5 =PY -Z-W<0)=05
473 472 24
b u=0+1+(-2)+3=2,
1 1 1 1 1
3:(L,3)orB1) > x-+-x==-— )
4 6 4 2 6 c°=1+0.16+0.25+1.21=2.62
4:P((2, 20 or (4, ) =1 Lyl o X+Y+Z+W ~N(,2.62)
473 472 24
=>PX+Y+Z+W >0)=0.892
6:P({2,3}or{3,2})=ix%+ix%:é ( )
L1 c u=3x0+1-(-2)-3=0,
8:P({4,2))==x-=—
(14.2)) 473 12 62=32%x1+0.16 + 0.25 + 1.21 =10.62
9:P({3,3})= ~xt= L 3X +Y - Z - W ~N(0,10.62)
476 24
1 1 1 =>PBX+Y>Z+W)
12:P({4,3}) = —x— = —
4 6 24 —PBX+Y - Z-W >0)=0.5
Z=z | 1|2[3|4|6|8|9]12 d pu=0-2x1-3x(-2)-3=-1,
_ Tisy1yps 1111 2 _ 2 2 =
PZ=2)| 5 1% 15122l 3! 13! 22| 2 62=1+22x0.16+32x025+1.21=5.1
1 1 X-2Y-3Z-W ~N(,5.1)
B(Z)=1x2+2x=> +3x1
8 24 6 = P(X -3Z<2Y + W)
+4x%+6x1+8xi —P(X—2Y —3Z — W <0) = 0.329
ox L 1y L _25
+ Xﬂ+ Xﬂ—? e ‘u:0—4><(—2)—3><0+2(—2)=4,

25 02=1+4’%025+3*x1+2>x025=15

E(X) x E(Y) = g « 222 _R(7) = B(XY)
3 6 X - 4Z -3X + 2Z ~ N(4, 15)

= P(X - 4Z <3X - 22)

=P(X-4Z - 3X +2Z <0) = 0.151
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f u=-3x1-2x3=-9,
02=121+0.16 +2% x0.16 +3* x 1.21=12.9
W -Y -2Y — 3W ~ N(-9, 12.9)
= P(W -Y <2Y +3W)
=P(W -Y -2Y -3W <0)=0.994

CH2 Exercise D f
normCdf(~1000,0,0,1.62) 05
normCdf(0,1000,2y2.62)  0.891697
normCdf(-1000,0,-1,y5.1)  0.671047
normCdf(-1000,0,2,/14.25)  0.298121
normCdf(-1000,0,-9,y17.21) 0.984976

T
5/99

X ~N(240, 20%), Y ~ N(730, 50%)
— Y - 3X ~N(10, 50% + 3> x 20°)
— P(Y - 3X 2 0) =0.551

b X ~N(240, 20%), ¥ ~ N(730, 50°)

— 27 + 4X ~ N(2420, 2 x 50 x 4 x 20%)
— PQ2Y + 4X > 2500) = 0.162

L ~N(35,5%) = P(L < 30) = 0.159
b V ~N(45,8)=
W=+V +V +V +V ~N(5x45,5x 8)
~ N(225, (845))
P(W > 240) = 0.201
c 4L -3V ~N(4 x35-3x45, 4> x5 +3* x 8)

~ N(5, (4461)°) = P@L - 3L > 0) = 0.564

«EEDEFIEED> CH2 Exercise D [x

normCdf(-9.6999,30,35,5) 0.158655
normCdf(240,9.£999,225,8/5) 0.200868
normCdf(0,9.£999,5,4-/61) 0.563578

5

3/99

4 a X~N(225,12%) = P(X > 250) = 0.0186

b X+ X +X+X~N(4x225,4x12%) =N(900, 24%)

=P(X + X + X + X >1000) = 0.0000155
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c Y ~N(60,2%) = 4Y ~ N(4 x 60, 4? x 2%)
= N(240, 8*)
X —4Y ~N(225 - 240, 12* + 8%)
= N(-15, (4v13)’)
= P(X —4Y >0)=0.149
d Y ~N(60,2%)=
Y+Y+Y +Y ~N(4x60,4x2)
= N(240, 4?)
X -Y-Y-Y-Y ~N(225-240,12% + 4?)

= N(-15, (4410))
SP(X-Y-Y-Y-Y>0)=0.118

<) EEDEXD> CH2 Exercise D [
normCdf(250,9.E999,225,12) 0.01861 A
normCdf(1000,9.£999,900,24) 0.000015
1.5463523972415¢-5 0.000015
normCdf(0,9.6999,-15,4-/13) 0.149155
normCdf(0,9.£999,-15,4-/10) 0.11784
?
5/99

Exercise 2E

2
¢ X~N|-02,[-=||=P(Xl>08)
22

=1-P(-0.8< X <0.8) =0.639

<D CH2 Exercise E~ _

N

normCd{(1,3,1.5, \/%) 0.776549 1
normCd!(2,8,5,\/%) 0.991849
normCdf(—O.S,O.S,—O.Z\/%) 0.63867

3789

> 12 Y
2 X ~N(5512°)= X ~N|55|-=
53172 X ~N(s3 (3]

= P(X <5)=10.0533

Statistics: Chapter 2
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WORKED SOLUTIONS
6 Y ’
3 X ~N(356)= X~ N[SS, [—J J e X~ N{l, (\/E] J:» P(|)?| < lj
J5 40 2

a P(X >37)=0.228 1
= P(_E <X< ZJ 0.0983

b X+X+X+X+X~N(5 x 35,5 x 62

2
-N(175, (V5% 6 _ 2
( ,(IX )) f X~N(1.9,[LJ)DP(|X_2|21J
S P(X+X+X+X+X>180) = 0.355 V120 5
= P(1.8 <X< 2.2) =0.280

o 11112 ]g CH2 Exercise E 0
0
12 0.946708 1
normCdf(5’9'E999’5'5’\/ﬁ) 11 3 CH2 Exercise F _
3 0.63869 [
normCdf(37,9.E999,35,\/%) 0228028 nomca1525.2 @)
0.2 0.9229
normCdf(180,9.E999,175,\/§ -6) 0-354694 normCdf(1-25,1-35,1-3,@
| normCdf(-0.48,9.£999,-0.5,0.1) 0.42074
3/99 |
3/99)
2 18.5Y
4 a X ~N(62.5185)= X ~ N|62.5, T
12 o 11 CH2 Exercise F 7
= 234 [
P(X <70)=0.920 nomGaf|-9.1999,397 400
0.035295
b T=X+X+...+X ~N(2x62.5,12x18.5%) 11 /6 0.098299
= - - normCd 22 A, 70
12 terms
5 r( 6 ) 0.280493
_ N(750,( /4107) ) normCdf{1.8,2.2,1.9, 775
5
= P(T'< 800) =0.782 6/99

<EFEDEFIEED> CH2 Exercise E

normCdf( 9.6999,70,62.5, 1/8—125) 0.919895

=]

2 X~ N[30000 [%’%’U

normCdf(—9.5999,800,12-62.5,\/1_2.18.5)

0.782364 P(X < 32000) = 0.834
normCdf(—9.5999,800,750,\/4107) 0.780364
| . 3 N 11112 3 CH2 Exercise F _
(v} [A]
3/99 normCdf(—g.E999,32000,30000, % ]
0.833539
|
Exercise 2F
1a X~ N( [TJ J:P(1.5$X§2.5)=0.639 1/99
b )—(NNM,(EJZ — P(1.25 < X <1.35) = 0.923 7 2 Y
< 3 X ~ N(63,2%) = X ~ N| 63, (ﬁ)

1 j— —_
-0.5, (_Oj J:P(X2—0.48)=0.421 a P(X>64)=0.193

2 —_—
d X~ N{400, [ ﬁ} J = P(X<397)=00353  ° P& <060)=0.00469
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WORKED SOLUTIONS

c P(61< X <65)=0.917 5.3 N4(4J2 (9 ’
p— ~ ,| ——= + [
. - 5 4
o 1.1 ] 1.2 3 CH2 Exercise F
193238 |4 E.o _p(B_T
normCdf(64,9.5999,63, %) 0193238 = P(B > S) = P(B -S> 0) =0.796
0.004687
normCdf(—9.5999,60,63%) CH2 Rewiew ...ise"/
9 0.916736 2912
”OrmCdf(61’65’63W) normCdf 0,9.E999,4,]/ (\%H%) )
| 4/9%] 0.795603
_ 4 2 LJ
4 X~N(@6,4)=> X ~ N[6, (E) j 1/99
~ 4V ~ 2 a Var(2X) = (E(X)) - 5 = 2?Var(X) = (B(X))*- 5
a X~N 6,(—] P54< X <7.6)=0.579 S Am=m—-5= P —4dm—-5=0
J10
5-6 7-6
_ — —<Z<— =m-5m+1)=0=m=50r m=—1.
b PG=X=<7)=09=P [ 4 4 J Variance is always positive.
Jn Jn
i b P(X=6)=1-P(X<5)=0.384
n
=095= P[Z < Tj =0.975 ¢ Var(3Y) =18 = 3 Var(¥) = 18
i = Var(Y)=2=Y ~ Po(2)
:»T”:@*1(0.975):»JE=4X1.95996 X+ Y ~Po(5+2)
— Jn =7.839856 = 1 = 61.4633 ~ 62 = X+ Y ~Po(7) = P(X + 1 <35)

—P(X +Y <4)=0.173

<EXDEFI EED » CH2 Exercise F 0
4 0.57942 (4]
normCdf 5.4,7.6,6,m 01125 CH2 Rewiev ...ise v
I 1-poissCdf(5,0,5) 0.384039
poissCdf(7,0,4) 0.172992
v
1/99
K
2/99
121314
A
e

d E(Z)=E(GBX-4Y)=3x5-4x2=7

0.5- fl(x)=normCdf(5,7,6,%)—0.95 Var(Z) = Var(3X-4Y)=3*x5+42x2=177

e The random variable Z has no Poisson
distribution since 7 = E(Z) # Var(Z) = 77.

0 10 (61.5,0) 80
0.5
3 a X ~ N(400,20%)= P(X > 450) = 0.00621
b Y ~N(350,15%) =Y +Y ~ N(2 x 350, 2 x 15%)
Review exercise = P(Y +Y < 670) = 0.0787
2
1 B~N(202, 4’°)= B ~ Nizoz, (%} J c Z~N(320,12°)
= X + Z ~ N(400 + 320, 20° + 12°)
_ 9 \?
S ~N(198,9) = § ~ N[w& & j - (720, (4439)")
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WORKED SOLUTIONS

2 2
d X+ 227 ~N(720 - 2x350, (4434) +2°x15?) c ;?NN(IZOOO,VZOOJJ

= N(20, 38?)
=>P(X+2Z-2Y <0)=0.299

R 1.1 ] 1.2 | 1.3 PAETETE

normCdf(450,9.£999,400,20)  0.00621

normCdf(-9.£999,670,700,15+/2)
0.07865

0.299334

normCdf(-9.£999,0,20,38)

3/99

X ~B(n, p)=> Var(X) =6 =>npg =6

n=27:>27><pq=6:>p(1—p):§

=9 -9p+2=0=>0CBp-DBp-2)=0
1 2

p=-orp==

3 3
EGX - 7)=3E(X)-7=3mp -7

EGX —7)=3x27x+-7=20
= )
EGX -7)=3%27x % ~7=47
b Z ~Po(m) = (Var(2))’ = E(Z) + 12
>m-m-12=0=>m-4)(m+3)=0

m =4 or m==3 Variance is always positive.

Var(5+22) = 2> Var(Z) =4 x 4 = 16

S a x~ N(12000, 32002) = P(X >13000) = 0.377

b X ~N 12000,[@)2 — P(X <11500) = 0.196
V30

R 1.2 | 1.3 | 1.4 PSS

normCdf(13000,9.999,12000,3200) ()
0.37733

3200
normCdf —9.E999,11500,12000,W)
0.19605

© [«

2/9
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N

— P(1050 < X <12500) = 0.85 = 1 = 44.3 ~ 45

1.3[14]15
Y
14

f1(x)=n0rmCd({10500,12500,12000,% -0.85
0.5

(44.3,0) 100 x

0.5+

6 a E(X-E(X)) =E(X’-2XEX) + (E(X)))
- E(X?) - 2E(X) x B(X) + (E(X))’
= E(Xx?) - 2(E(X))" + (E(X))’

= E(x?) - (E(X))" > E(x?)

b X ~ Geo(p)and Y ~ Geo(g), where p+ g =1

~ E(X +Y)=E(X)+E¥)=L+1
r q

_g+tp_ 1

prq pq

= Var(X +7Y) = Var(X) + Var(Y)

3 3
4, P _a+p

p

-2 2 2 2

ryq

)

— ,
_(g+p)@ —pg+p7)
- r’q

(¢+p) -3pq _1-3pg
e
E(X + Y)E(X + Y) - 3)

11 1 3
=] =—-3|=—5-=
pa\ rq e m

_ 15304 _vanx +v) Q.E.D.

22

pyq
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WORKED SOLUTIONS

analy5|s methods

Skills check 3 a Y~Po(04) =P =0)=0.670
b Y ~Po(7)=PB3<X<8)
1 ) . CH3 Skils check ~ r _ _
=P(X <7)-P(X <2)=0.569
=OneVar(a <EWIEEDEXD > CH3 Skils check~
1 22 Title One-Var... ) (4]
T poissPdf(0.4,0) 0.67032
‘; i; ;X |E3891§| poissCdf(3,5) 0.916082
; 5 32 1750, 1-poissCdf(4.7,4) 0505391
sx: =i, 1.68633 ] poissCdf(7,7)-poissCdfi7,2)  0.569078
D2[=3.6181818181818 [<]>
CH3 Skils check™ r
4/99
=0neVar(a
sx:=sn-... 1.68633 .
ox:=om.. 1.67865[ 281785 I Exercise 3A
- o J 1 a {2,4,6,8, 10,12, 14,16, 18,20}= ¥ = 11, s* = 33
01X . 5 b {21, 24, 36, 28, 30, 22, 25, 26, 38, 32, 34, 29, 37,
£6 | -06” []» 33,32, 34, 29, 37, 33, 31, 30} = ¥ = 29.75, s’ = 25.3

¥ =3.62, 0> =1.67865> = 2.82 c {1,4,7,10,...,133} = ¥ =67, s* = 1518

<EEBERIEED> Cf beriseA '
2 a X~ B[ 2) = P(X =5) meantseq2 a0 L0 11 [l
0 5 varPop(seq(2-x,x,1,10)) 33
= 5 V(1 - 1 =0.03125 mean({21,24,36,28,30,22,25,26,38,32,34,29
5)(2)\2) 32 119
4
b x ~ B(lO, l) - P(3< X <8) varPop({21,24,36,28,30,22,25,26,38,32213615,2’
5 e §
7 (10 (4 (1) —
=PB<X<7)=) - = /
=S LEJS 5
=0.322 5T . .
(4]
<D EWIEED > CH3 Skils check~ i
binodef( 51 ’5) 0.03125 4 varPop({Z1,24,36,28,30,22,25,26,38,32213615,‘ >
; 1 0.980338 16
blnomCdf(8,§,5) mean(seq(x,x,1,133,3)) 67
5 2144
2841 3187 varPop(seq(xx, 1,133,3)) 1518
e (3)"(3) | 5
k=0 5 6/99
3/99 _
/ 2 % =065 5= 0.864

A 1.1 1.2 jg CH3 Exercise A~/

<D EWIEED > CH3 Skils check~
nCcri8K (51 5

=0neVar(a

22 Title One-Var...

1-binomCdf (12,%,4) 0.640537 12 % 0.65
X 26. ﬂ

) 1 2 G 46.
blnomCdf(lo,g, ) blnomCdf(lo o= Sn—...,70.863802 |
0. 322123 5 E5]=0.86380197160799 [«

5/99
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WORKED SOLUTIONS

3 a x¥x =337 b 99% CI[0.104, 0.167]
b s N 1112 3 CH3 Exercise B
zInterval 0.04,{0.1,0.12,0.15,0.18,0.13,0.12* (4]
[ "Tite"  "zInterval" ]
~OneVar(a "CLower"  0.104389
) "CUpper"  0.16652
6 Tltle One-Var... b 0.135455
13 X 33.7143 "ME'  0.031066
26 X 2360-ﬁ "sx = sn-1x" 0.035317
17 x2 118550. " 11.
8 sx:=sn-..] 23.7695 |5 "o 004 J
E5[=23.769510891752 [«]» 3/99

c 95% CI [320, 325]
Exercise 3B

M 1112 3 CH3 Exercise B ~/ [
1 a 99%CI[4.19, 5.81] Zinterval 4.5,{321,325,330,324,325,326,317> |4
"Title" "z Interval"
CH3 Exercise B / "CLower" 320.5
ZInterval 1,5,10,0.99: stat.results "CUpper" ~ 325.214
"Title" "z Interval” b 322.857
"Clower"  4.18545 "ME" 2.3572
"CUpper"  5.81455 "sx :=sn-1x" 5.5727
e 5, i 14,
"ME"  0.814549 "g" 45 1 5
e 10. 3/99
uo.n 1
l/gg] 3 |x-y<2=p-¥<2=>-2<su-x<2
=>x-22u<sx+2
b 95% CI [-12.8, -9.20] 55
c=55=1960x-—"*==2
CH3 Exercise B v i \/;
zInterval 4.3,-11,22,0.95: stat.results (4]
"Title" "z Interval" = \/7 =5.39 = n=29.052
"CLower' -12.7968 We should take at least 30 elements.
"CUpper" -9.20318
b -11. . . . .
"WE" 1.79682 4 95% CI for the weight if elementines is [72.3g, 77.2 g]
"n " 223 <EXDEWIEED > CH3 Exercise B
9 : Zinterval 3.5,{70,75,77,71,68,80,85,72},1,0> 4
o "Title" "z Interval"
2/99 "Clower'  72.3247
"CUpper"  77.1753
c 90% CI[2819, 2889] bl 74.75
"ME" 2.42533
CH3 Exercise B / "sx :=sn-1x"  5.70088
zZinterval 327,2854,230,0.9: stat.results (Al "n“ 8.
"Title" "z Interval" L _'c 35 J§
"Clower"  2818.53 3/99
"CUpper"  2889.47
g 2854,
"ME' 354659 5 a x- 224174 154
e 230. 2
"G 327. 3
o b 0=3=>1645x—-—==158-14.2
3/99 Jn
2 a 90% CI [3.90, 6.10] = Jn=3.08=n=9.51

The sample size should be 10.

o 1112 ]2 CH3 Exercise B 7
znterval 2,{1,2,3,4,5,6,7,8,9},1,0.9: stat.res» (4
"Title" "z Interval"

"Clower"  3.90343
"CUpper"  6.09657

g 5.
"ME" 1.09657

"sx :=sn-1x"  2.73861
e 9.

L g 2 15
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Investigation
Let’s consider samples of different sizes: all have the

mean value ¥ =100 and they come from a population
with o* = 64.

a i n=10= 95% CI[95.0,105.0]

<ERIEEDEXD > CH3 Exercise BV
zInterval 8,100,10,0.95: stat.results

(al
"Title" "z Interval"
"Clower"  95.0416
"CUpper"  104.958
X" 100.
v

"ME"
e

4.95836
10.
g 8.

1/99

i 7=25= 95% CI[96.9,103.1]

«E¥IEEDEMD > CH3 Bxercise B
zInterval 8,100,25,0.95: stat.results

(]
"Title" "z Interval"
"Clower"  96.8641
"CUpper"  103.136
X! 100.
v

"ME"
e

3.13594
25.
G 3.

2/99

ii 7 =50 = 95% CI[97.8,102.2]

«E%IEEDEMD > CH3 Brercise B
zInterval 8,100,50,0.95: stat.results

(]
"Title" "z Interval"
"ClLower"  97.7826
"CUpper"  102.217
X" 100.
v

"ME" 2.21745
l|n|l 50.
|l0.l| 8.

n =150 = 95% CI [98.7,101.3]

<ERIEEIEMY > CH3 Exercise B

zinterval 8,100,150,0.95: stat.results (4]
"Title" "z Interval"
"CLower"  98.7198
"CUpper"  101.28
X" 100.
"ME" 1.28024
"n" 150.
"o" 8.
&
4/99

b At the same significance level the larger sample
size we take the narrower a confidence interval we

get. In the formula | ¥ — —=x 2z, X + I xz, |the

no S N
length of the interval is symmetrical with respect
to the mean of the sample by the same term that
is obtained by division by Jn therefore the larger n
we take the smaller number we obtain.

Exercise 3C

WORKED SOLUTIONS

1 a 90% CI[14.45, 15.55]

CH3 Exercise C v
tinterval 15,1.2,15,0.9: stat.results

"Title"
"CLower"
"CUpper"

"ME"

ngn

"X = Sn-1X"

e

14.
1.2
15.

(4]
"t Interval” |
14.4543
15.5457
15.
0.545722
¥

b 99% CI[-25.81, —20.19]

CH3 Exercise C ~

tinterval -23,5.8,32,0.99: stat.results

(a]
"Title" "t Interval" |
"CLower" -25.8135
"CUpper" -20.1865
X" -23.
"ME" 2.81348
"df" 31.
"sX 1= sn-1X" 5.8
L " 2. 1@
2/99
C
tinterval 3478,429,310,0.95: stat.results (a]
[ "Title"  "tInterval" ]
"CLower"  3430.06
"CUpper" 3525.94
X" 3478.
"ME" 47.9434
"df" 3009.
"sx 1= sn-1X" 429,
"n" 310. 1 [
3/99
2 a 99% CI [1.94, 8.06]

o 1112 I3
tinterval {1,2,3,4,5,6,7,8,9},1,0.99: stat.res>

CH3 Exercise C

"Title"
"CLower"
"CUpper"

i
"ME"
ngf

"SX = sn-1X"

e

8.
2.73861
9.

N
"t Interval" |
1.93696
8.06304
5.
3.06304
¥

1/99

b 95% CI[0.112, 0.159]

M 1] 12 B
tinterval {0.1,0.12,0.15,0.18,0.13,0.12,0.0¢>

CH3 Exercise C ~

"Title"
"CLower"
"CUpper"

g
"ME"
ngf

"sx ;= sn-1x" 0.035317

n

0.023726

o
"t Interval"
0.111728
0.159181
0.135455
10.

v

11.

2/99
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WORKED SOLUTIONS

c 90% CI[319.6, 324.9] c For the same set of data, a higher significance
<EKBERD>  CH3 BerciseC v ' level will mean a wider confidence interval.
tinterval {321v32_5r33$'t3|24v325vﬁ6t1317v|31_5’ n The result is expected since the confidence

"Title" "t Interval" . . .
"Clower"  319.612 interval is symmetrical about the mean value
"CUpper"  324.921 — N
g 322967 Xt —=xt,
'ME'  2.65433 n
" 14,
"sxi=sn-ix' 583667 | M Exercise 3D
L 15. 1 [
3/99 1l a CH3 Exercise D
3 99% CI for the weight of mandarins is [67.6 g, 82.5 g] =a[]-b(]
<EXDEWI EED > CH3 Exercise C v [ 15 18|—_3,
tinterval {66,70,75,84,90,77,71,68,80,85,72> 4 17 15 2
"Title" "t Interval” 23 23 0
"Clower"  67.6363 17 19 -2
"CUpper"  82.5304 18 15 3 ]
bd 75.0833 c1]=-3 [«»
"ME'  7.44705
" 11. _
. 2 CH3 v
"sx = so-1x' 8.30617 R e Emn
" 19 | Title t Interval
= —=_[ "Clower"  -2.18091
1/99 "CUpper"  1.98091
12.345 + 14.355 o oo
_ . + . n "
4 a y=-""2 T R9Y 1335 e 208091
2 .
15 "sx :=sn-1x" 2.02485
b s=15=1¢x—==13.35-12.345 L "n" 10. 1 M
J8 o
=t =1.895 2/99
= P(-1.895 <1t <1.895|v=7)=0.900 99% CI [-2.18, 1.98]
< » CH3 Exercise C
(13.35-12.345)/8 1.89505 & b oo
1.5 =d[]-e[]
thf(—1.895046173579,1.895046173579,7) 1 93 102 -9
0.900069 -2 102 108 -6
| -1 106 109 -3
L 99 111 -12
g 85 103 -18 %
2/99 EE
1 0,
The confidence level is 90%. y — —— .
5 a 95% CI [483.4, 588.6] Tite"  "tinterval” |
"CLower" -13.7287
«FEDEYI X > CH3 Exercise C r "CUpper" -7.43794
tinterval 536,95,15,0.95: stat.results ar ngn -10.5833
"Title" "t Interval” WME'  3.14539
"CLower"  483.391 g 11.
"CUpper"  588.609 "sx 1= sn-1X"  6.06717
g 536. L e 12. ]
"ME"  52.6092 g
|ldfl| 14. 5/99
"sX := sn-1X" 95. 5
L m 15. |
L N 90% CI [-13.73, —7.44]
1/99
c A
1.1 112 CH3 Ex Dv
b 99% CI [463.0, 609.0] gk
<ERIEYI EFA > CH3 Exercise C v =g[]-h(]
[ 'Title"  "tInterval" ] -8 0.58 0.69 -0.11
"Clower"  462.981 -14 0.82 0.78 0.04
"CUpper  609.019 -7 0.77 0.65 0.12
X 536. -13 0.9 0.8 0.1
n(/jle 73-&187 9 102 095 007}
"sx = sn-1x" 95, 18 [-0.07 <[>
L 15 1M
&
2/99
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WORKED SOLUTIONS

CH3 Exercise D/ b HO :/u = ;u07 H1 :/u * ,u()’ o = 005
[ Tite  “tinterval | & ——— ,
" n ercise E v
"gLLJower" _(;)(;):50:555 ZTest 2,0.3,1.9,25,0: stat.results Al
r;_(p o 0.0125 "Title" "7 Test"
- . "Alternate Hyp" "w # u0"
“ng 0'0773 395 "z -1.66667
"sx:=sn-1x" 0 08.779 "PYaI" 0 095581
e e
o n
"
6/99
a | o
95% CI [-0.069, 0.859] 2/99
2 a Since the p-value is 0.095581 > 0.05 we have no
sufficient evidence to reject the null hypothesis
Blood | 1yl 3145|6789 10]11]12 eI ) P
sample at the 5% significance level.

Bob 144(153|170(183|125| 95 |148|177|160(155|170{135 ¢ Hy:u=p,H u+#p,a=001

Rick [141{161|173|174|119{104|135|175|164(158|167|142 —
Bob- Zlest -235,12.8,-238,119,0: stat.results (a]
Rick |3 78[=3| 9| 6|-9[13] 2 |-4|-3]3|-7 e *zTest"
"Alternate Hyp" "u # u0"
"z" -2.55673
b 95% CI[—4.27, 4.60] vl 0010566
f X" -238.
"n" 119.
"o" 12.8
v
3/99

Since the p-value is 0.010566 > 0.01 we have
no sufficient evidence to reject the null
hypothesis at the 1% significance level.

<EXDERBEED > CH3 Exercise D~

2 a Hy:pu=py,H :u<p,a=0.1

=a[]-b(] =tinterval( CH3 Exercise E
3 Title t Interval Zlest 10,4,9,20,-1: stat.results (a]
-8 Clower  -4.26715 "Title" "zTest"
-3 CUpper  4.60048 i "Alterate Hyp" "1 < u0"
6 ME 4.43381 = g
E1 [="t Interval" [«]» e
"
. | o
Exercise 3E 2799
1 a H:u= H,: =0. . .
0 M =My, Hy:pt # thyy a0 =0.1 Since the p-value 1s 0.131776 > 0.1 we have no
. CH3 Bxercise £ 7 ' sufficient evidence to reject the null hypothesis
ZTest 10,2,12,20,0: stat.results (4] he 10% sionifi 1 1
Title" B at the 10% significance level.
"Alternate Hyp" "u = u0" b H :u= H :u< o =0.01
"z 447214 o M= Ho T HS Mo ’
"Pval" 0.000008 CH3 Exercise E <7
X" 12. ZTest 21.4,0.75,21.2,50,-1: stat.results (Al
"n" 20. "Title" "z Test"
"o" 2. "Alternate Hyp" "w < u0"
o "7 -1.88562
1/99 "PVal'  0.029673
l|i|l 21.2
Since the p-value is 0.000008 < 0.1 we o 05(7)5
. . 0 N
reject the null hypothesis at the 10% 5
significance level. 5/99
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WORKED SOLUTIONS

Since the p-value is 0.029673 > 0.01 we haveno 4 a H “The mean weight is 26g.” (1 = 26)

sufficient evidence to reject the null hypothesis H,: “The mean weight is not 26g.” (1 # 26)
at the 1% significance level.
b Use the z-test.

c Hy:pu=p,H :u<uy,a=0.01

o 1.1 ] 1.2 |2 CH3 Exercise E
<EEBDERIEED > CH3 Exercise Ev
ZTest -235,12.8,-238,119,-1: stat.results (4] =ZTest(26,
Atemate p" " 0 22 Tde __|zTest
yp" "w <
gt 055673 g? Alternate... M4¢4l;%27
"PVal'  0.005283 z :
g 938, 35  PVal 0.00001
e 119. 28 X 30. &
"o" 12.8 C4 [=9.5958692475566:-6 [<]»
v . . .
9/99 Since the p-value is 0.00001 < 0.01 we reject
_ . ' the null hypothesis at the 1% significance level
Since the p-value is 0.005283 < 0.01 we reject the and conclude that the harvested snails are not
. o) i :
null hypothesis at the 1% significance level. from the population.

3 a Hy:pu=u, H:u> u,a=005 5 a H“The mean level of fat in the drink is 1.4 g.

(n=14)
o0 o A H,:“The mean level of fat in the drink is more
"Title" "7 Test" than 1.4g.” (u >1.4)
"Alternate Hyp" "u > uQ"
g 1.78885 b Use the z-test.
"PVal'  0.036819
g 12. <EXDEVIEEY > CH3 Exercise E
e 20.
G 5. =zlest(1.4
& 1.43 Title zTest
7/99 1.52 Alternate Hyp u > u0
1357 0.424264
Since the p-value is 0.036819 < 0.05 we reject the 1.38 PVal 0.335687
; 0/ ciomni 1.42 X 1.445 ]
null hypothesis at the 5% significance level. 0 Teesii 4032 D CompvarT<]>

b H:u=u,H :u>u,a=0.1 ] .
0 H=Ho Bai i Ho @ Since the p-value is 0.335687 > 0.05 we have

s istaise o \ no sufficient evidence to reject the null
ZTest 27.3,3.6,28.,40,1: stat.results (al . ..
Titje" "7 Test" hypothesis at the 5% significance level and
*Alterate Hyp® "1“223707" conclude that the company’s claim is correct.
z .
"PVal"  0.109391 6 a H “The mean volume of juice in the bottle is
i 28, vy —
o 10, 300ml.” (u = 300) o .
"G 3.6 H,: “The mean volume of juice in the bottle is
8/9% less than 300 ml.”(u < 300)
b Use the z-test.
Since the p-value is 0.109391 > 0.1 we have no <EEBEE) D> O Dorcise | .
sufficient evidence to reject the null hypothesis volume
at the 10% significance level. _ ~lest(30
295 Title zTest
c Hy:pu=p,H :pu>p,a=0.01 288 Alternate Hyp... i < u0
CH3 Exercise E v [ 293z -2.60364
Zlest -73,3.72,-71.6,92,1: stat.results (] 301 Pval 0.004612
"Title" "7 Test" 302% 295.75 5]
"Alternate Hyp" "w > u0" C [=Test(300,7.3,a[ £i].1,-1): CopyVar[ <[>
7" 3.60977
"PVal" 0~00§J1653 Since the p-value is 0.004612 < 0.1 we reject the
X" -71. . . .
ﬁ 9. null hypothesis at the 10% significance level
'o" 3.72 and conclude that the bottles contain less
! O volume than stated.
9/99

Since the p-value is 0.000153 < 0.01 we reject
the null hypothesis at the 1% significance level.
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WORKED SOLUTIONS

b H:u=pu,H ru<up, =001

Exercise 3F

: = . = CH3 Exercise F 7 [
ta HO“u Koo Hl i Ho & 0-05 "Title" "tTest' ] [Al
o 11 CH3 Exercise F [ "Alternate Hyp" "w < u0"
"Title" "tTest" | [Al "t" -2.99871
"Alternate Hyp" "u # u0" "PVal" 0.007494
"t -0.486504 "df" 9.
"PVal" 0.638237 X" 119.8
"df" 9. "sx := sn-1x" 2.32
X" 48 L "n" 10.
"sX = sn-1x" 1.3 ¥
L "n" 10. 5/99
v
1/99 Since the p-value is 0.007494 < 0.01 we reject

Since the p-value 0.6382 > 0.05 we have no the null hypothesis at the 1% significance level.

sufficient evidence to reject the null hypothesis c Hou=pu,H u<upy,a=0.1

o) i
at the 5% significance level. T
it ot " v ] (Al
b H:u= H :u+# a=0.1 Title tTest
0 H 'uo’ 1 u ‘uo’ "Alternate Hyp" "w < u0"
CH3 Exercise F "t" -0.816497
"Title" "tTest' | @& "PVal" 0.225675
"Alternate Hyp" "w = u0" "‘if" 5
ngn _1.66667 ) X ) 622.8
"PVal" 0.10858 o= si-ix 12.6
nf 24, L n 6. |
g 19 5
"SX = sn-1X" 0.3 6/99
L 25.
G Since the p-value 0.225675 > 0.1 we have no
2/99 . . . .
/ sufficient evidence to reject the null hypothesis

Since the p-value 0.10858 > 0.1 we have no at the 10% significance level.
sufficient evidence to reject the null hypothesis 3 a Hip=u,H:u>u, =01
at the 10% significance level. :

11 CH3 Exercise F v
c H:u=u,H :u#p, a=0.01 [ Title" "tTest' |
"Alternate Hyp" "w > u0"
CH3 Exercise F ~ [ "t" -0.667483
"Title" "tTest' | & "PVal" 0.743755
"Alternate Hyp" "w # u0" "df 19.
"t 3.48125 bl 0.95
"PVal" 0.013122 "sX := sn-1x" 0.335
"df 6. L 20. |
g 353 5
"X 1= sn-1X" 0.532 7/99
L 7. |
g Since the p-value 0.743755 > 0.1 we have no
3/99 sufficient evidence to reject the null hypothesis

Since the p-value 0.013122 > 0.01 we have no at the 10% significance level.

sufficient evidence to reject the null hypothesis
at the 1% significance level.

b H:u=u,H u>pu, o=0.05

11/12]13 e
Sy = < = [ "Title" "tTest' | A
2 a Hru=u,H:u<p, oe=0.05 Atermte o "
<55 CH3 Exercise F f "t 3.53553
"Title" "tTest" | [Al "PVal" 0.004763
"Alternate Hyp" "u < u0" "df" 7.
"t -1.99172 b 26.4
"PVal" 0.027947 "sX 1= Sn-1X" 1.12
"df" 29. L 8.
b 14.2 5
"X 1= sn-1X" 2.2 8/99
L " 30.
T Since the p-value 0.004763 < 0.05 we
4/99 reject the null hypothesis at the 5%

Since the p-value is 0.027947 < 0.05 we
reject the null hypothesis at the 5%

significance level.

significance level.
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c Hou=yu,H u>p, o=0.01

<EEBEPIEED > CH3 Exercise F v
[ "Title" "tTest" | [l
"Alternate Hyp" "w > u0"
"t" 1.25463
"PVal" 0.115078
"df" 14.
X" 758.6
"X 1= sn-1X" 14.2
L "n" 15.
v
9/99

Since the p-value 0.115078 > 0.01 we have no
sufficient evidence to reject the null hypothesis
at the 1% significance level.

4 H,:“The mean volume is 120ml.” (u = 120)

H, : “The mean volume is not 120ml.” (u # 120)

CH3 Exercise F

=tTest( 1221

M 1] 12 |3

volume

119 Title t Test

123 Alternate Hyp  w = u0
121t 0.283654
120 PVal 0.784882
118 df

]
>

7.
C [=tTest(120,a[7.}],1,0): CopyVar Stat>| <]

Since the p-value 0.283654 > 0.01 we have no
sufficient evidence to reject the null hypothesis at
the 1% significance level and conclude that the
factory advertised a correct volume of a particular
ice-cream product.

H,: “The mean life expectancy is 30000 hours.”
(u=30000)

H,: “The mean life expectancy is less than 30000
hours.” (u < 30000)

Use the t-test on the difference of times on those
two different cubes.

CH3 Exercise G

cube2 diff
=a[]-bl]
35 38 -3
41 40 1
30 34 -4
28 30 -2
44

CH3 Exercise G

=tTest(0, ¢|

-3 Alternate Hyp w # u0

1t 0.164399
-4 PVal 0.874063
-2 df 7.

MK

2 X 0.25
E [=tTest(0, ¢[ii],1,0): CopyVar Stat.,>| <]

Since the p-value 0.874063 > 0.05 we have no
sufficient evidence to reject the null hypothesis at
the 5% significance level and conclude that there is
no difference in finishing times on the two Rubik’s
Cubes.

2 H;: “There is no difference in the scores.” (1, = 0)

H, : “There is a difference in the scores.” (u,# 0)

Use the ttest on the difference of scores on the
two types of dart.

o 1112 |2 CH3 Exercise G ~/

dartdiff
=old-new
85 90 -5
92 95 -3
100 98 2
97 99 -2

89 93 -4 7]

= [«]>

CH3 Exercise G

WORKED SOLUTIONS

<EXBEFIEED > CH3 Exercise F v
life
=tTest(30a
29500 Title tTest
28350 Alternate Hyp... u < u0
30300t -1.51876
30250 PVal 0.094643
29350 df 5. ]
C [ =tTest(30000,a[; i],1,-1): CopyVar § [ «[»

Since the p-value 0.094543 < 0.1 we reject the null
hypothesis at the 10% significance level and
conclude that the manufacturer claims a longer life

expectancy of

Exercise 3G

1 H,:“There is no difference in finishing times.”

(u,=0)

H, : “There is a difference in finishing times.”

(u,#0)

the LED lamps.

=old-new =tTest(0, ¢
-5 Title tTest
-3 Alternate... w = u0
2t -2.13719
-2 PVal 0.085622

-4 df 5.
E [-tTest(0, c[{7],1,0): CopyVar Stat.,>[ <]

]
>

Since the p-value 0.085622 < 0.1 we have to reject
the null hypothesis at the 10% significance level
and conclude that players score a better result by

using the new type of dart.

3 H,: “There is no difference in the weights.” (u,= 0)

H, : “Students who join the programme drop some

weight.” (u,> 0)
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WORKED SOLUTIONS

Use the #test on the difference of weights before 3 a H:X~Pod5)=a=1-PX <52)=0.133
and after the programme. b H,: X ~Po(0)= f = P(X <52)=0.972

< » CH3 Exercise GV o] &
wdift 1-PoissCdf(45,0,52) 0.132809 n
=before-a -
55 59 3 poissCdf(40,0,52) 0.971943
82 84 -2 !
63 61 2
69 69 0
65 62 3 ]
C_[ wdiff: =before-after KIC 5
2/99

< » CH3 Exercise G v/
wdiff

Review exercise

=before-a =tTest(0,q
3 Title tTest 1 Use z-interval since the standard deviation is known
-2 Alterate... w> w0 and the value is 114 g.
2t 1.23335
0
0 PVal 0.121576 a 95% CI[602, 702]
3df 11. & CH3 Review...isev
C [ =tTest(0,wdiff,1,1): CopyVar Stat.,» | <[> zinterval 114,652,20,0.95: stat.results A}
: "Title" "z Interval"

"CLower"  602.038

Since the p-value is 0.121576 > 0.05 we have no ‘CUpper' 701962

sufficient evidence to reject the null hypothesis at bd 652.
the 5% significance level and conclude that there is 'V[']E 49, 9618
no difference in weight before and after the "g" 114
programme. - /951
Exercise 3H b 99% CI [586, 718]
CH3 Review...ise™
1l a Ho 1 X ~ N(5, 0.42) zinterval 114,652,20,0.99: stat.results (4]
"Title" "z Interval"
> a=1-P4.2< X <5.8)=0.0455 "Clower'  586.339
) "CUpper'  717.661
b H:X ~N45,04")= bd 652.
"ME'  65. 6609
p=P4.2<X<58)=0.773 "
g 114
CH3 Exercise H [ | v
1-normCdf(4.2,5.8,5,0.4) 0.0455 o 2/99
normCdf(4.2,5.8,4.5,0.4) 0.772796 c 95% < 99% = [602, 702] c [586, 718]

|
We notice that a higher significance level means

a wider confidence level.

&l Patient A|B|C|D|IE|F|G|H|TI|]J
2/99 Analyzer I [235(352|410(280|341|325|428|388(272(310
1 1 Analyzer IT (237|343|416|272|336|329(413|396|265|315
2 a Hp: X~ B(SO,EJS E(X) =50x - =25 Difference |-2| 9 [-6| 8 | 5 |-4]15|-8] 7 |-5
a=1-P(X <£35)=0.00130 b H,: “There is no difference in potassium levels.”
) (1,= 0)
b H: X~ B[SO, 7) = p=P(X <35)=0.978 H, : “There is a difference in potassium levels.”
— (u,#0)
CH3 Exercise H
CbinomCaf 50%035) 0.001301 & EOEER>  C13 Revew.ise
4
binomCdf 50,7,0,35) 0977867
o
2/99 C1[=-2 <]
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WORKED SOLUTIONS

o 1.1 [ 1.2 I3 CH3 Review...ise -/ ix
=tTest(0,d b x=2—=30.97
-2 Title tTest 10
9 Alternate... w = u0 2
6t 0.76657 | ixz _10{3097)
8 PVal 0.46297 52 = &=L 100 ) _ 2681 _ 0.298
5 df 9. 5 9 9000
E [=tTest(0,dl[{"i],1,0): CopyVar Stat., | <>
. <EXDEWI EED > CH3 Review...ise”
Since the p-value 0.46297 > 0.01 we have no {312,30.8304,30.8,31.332.1,303,31.43
sufficient evidence to reject the null hypothesis 30.97
and we conclude that there is no difference in varSamp({ 31'2’30'8’30'4’30'8‘31‘3’23'718’:2
measurement of the two types of biochemical :
analyzers.
15
25 g 16 3799
3ax=t—-—=—=—=533
15 15 3
15 ’ ¢ H_ :“The average time is 30s.” (u = 30
fo—ISX(léj ag3-1280 ’ o =39
§2 = i 3) _ 3 H,: “The average time is more than 30s.”
14 14 (u>30)
_184 92 _ 4.38 We use the #-test since the standard deviation is
42 21 unknown.
92 <EWIEEDEED > CH3 Review..ise [
b s=s’= ‘/ﬁ =2.09 tlest 30,(31.2,30.8,30.4,30.8,31.3,32.1,30> 4
"itle" "t Test"
<EXDEW EED > CH3 Review...ise [ "Alternate Hyp" "u > u0"
tinterval ? \/% ,15,0.99: stat.results . "P\?al" 05.6%0011613
"Title" "t Interval" "gf" 9.
"Clower"  3.72456 e 3097
"CUpper"  6.94211 "sx = sn-1x" 0.545792
0 5.33333 L 0. &
"ME'  1.60877 1/3
"gf" 14,
‘Xz s 2.09307 1 ggl Since the p-value 0.000163 < 0.05 we reject the
/ null hypothesis and can conclude that the
99% CI [3.72, 6.94] average time is more than 30 seconds.
¢ In 99% of the cases the mean value of a sample Therefore, the company sets up the
of 15 observations taken from the population speedometers to show a higher speed.
will fall within the confidence interval
[3.72, 6.94]. 6 a 7=2047210_»59
_ 472 +552
4 a x=——_—-=512 b XNN(210,144):>0'=12:>1.960><£
2 Jn
5
b 62=25:>G=5:>zgx% =216 -210 = Jn =3.92 = n =15.37
’ The sample size should be 16.
46
=552-512= Zg = T <EEDETD EXD > CH3 Review...ise
2 204+326 265
=1.960 = £ = ®(1.960) = 0.975 2
2 nSove[IVNOm(0.875):12 < o
The confidence level of the interval is 95%. i 15.3658
— _ _ 100 |
5 a s=1000m,v=120km/h =—m/s,
3
s 1000 _ 2/%9
t = . =t = 100 - 30s
3
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7 a For the speed values we used the midpoints of
the intervals.

CH3 Review...ise v/

il 14]15] 1613

4]
=0neVar(;|
5 9 Title One-Var...
15 56 X 23.4667
25 47 3x 3520 ]
35 25 3x? 99150
45 13 sx:=sn-.. 10.5383 [
D [=OneVar(a[ii],b[ii]): CopyVar Stai*[ «|»

CH3 Review...ise

bl 1.5 ] 16 [ 1.7 12

[a]
=0neVar(v|
5 9 Title One-Var...
15 56 X 23.4667
25 47 3x 3520 ]
35 25 3x2 99150
45 13 sx:=sn-.. 10.5383 =
D [=0neVar(v,f): CopyVar Stat., Stat6>[ «|»
i =x=235
ii =s=10.5

b i =95%CI[21.8,25.2]

< » CH3 Review...ise 7
tintervalv, £,0.95: stat.results

e
"Title" "t Interval"
"Clower"  21.7664
"CUpper"  25.1669
v

X 23.4667

"ME" 1.70026
"df" 149.

"sx :=sn-1x"  10.5383

L "n" 150.

i 90% CI [22.0, 24.9]

N » CH3 Review...ise

tintervalv,7,0.9: stat.results
[ "Title" "t Interval" |
"Clower"  22.0425
"CUpper"  24.8908
X" 23.4667
"ME" 1.42417
"df" 149.
"sx :=sn-1x" 10.5383
L "n" 150. J [
2/99

¢ We notice that [22.0, 24.9] c [21.8, 25.2],s0 a
90% confidence interval is a subset of a 95%
confidence interval.
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WORKED SOLUTIONS

8 H,=u=10,H,: u <10, using the mean of a
sample of size 5.

a Hyu=10 :)?NN(lo,%j
i 10% for N (0, 1) is —1.282 so ’7‘210
5

— 1282 = F=10-1282x% /%2 =9.19

P~

The critical region is the interval |—eo, 9.19]

<ETBERAEED >  CH3 Review..ise”

5 (4]
—9.5999,x,10,\/;)=0.1,x) I

normCdf

nSolve

9.18948

nSolve|normCdf —9.5999,x,10,\/g)=0.05,x)

8.9597

E]
2/99

x-10
\F
5

=-1.645= x =10 —1.645 x \/g =8.96

ii 5% for N (0,1)is —1.645 so

The critical region is the interval |—eo, 8.96]
b leﬂ=9.3:>)?~N[9.3,§)
i B =P >9.19) = 0.569

i B=P(X >8.96)=0.705

<ETBERAEED >  CH3 Review..ise”

8.9597 (3]

2
normCdf{9.1894753867941,9.£999,9.3, 5

0.569364

2
normCdf 8.9597033202516,9.E999,9.3,\/;)

0.704731

| 5
1799

¢ When the probability of a Type I error
decreases from 10% to 5%, the probability of a
Type II error increase from 0.569 to 0.705.
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WORKED SOLUTIONS

Sklu.s CheCk *® Ixcoord ycoord I H
= =TwoVar(’ =LinRegM
1 a 2E(Z)-3E(Y) + 2E(X) 1 4 1 Title Two-va..|  [Title -Linear R.
2 1 1 X 2.8 Regkqn | m*x+b
b 4Va1‘(Z) - 9Va1’(Y) + 4Va1‘(X) 3 3 2 >x 28, m ~0.3409.,
4 2 4 =2 96. b 2.95455
c E(X )E(Y)E(Z) 5 1 3 SX = sn- 1.39841 2 0.146104
~ ~ 6 2 2 ox:=on..| 132665 r -0.3822..
2 a x=43.5,y=-3L75, 7 5 2 n 10. Resid -0.5909..
8 4 1 v 2.
Var(X) = 46.25, Var(Y) = 98.69 /
9 4 1 2y 20.
- 10 2 1 >y? 54,
b [of Fyoos [8 | E E E 11 Sy=Sn-.| 124722
- “Twovar? 12 oyi=on..| 1.18322
183 -21 [Title Two-va... > L
2ho 44z 435 & / 50. 51
350 -23 [=x 174. H1[=“Linear Regression (mx+b)”
402 -39 |2x2 7754, . . .
5 sc=sn. | 7.85281 Since » = —0.382, there is a weak negative
6 ox - on... | 6.80074 correlation between the two random variables.
7 n 4.
8 v -31.75 ——
) sy 27 “ 2.2 Io Exercise 4A
10 52 4427, Jy oo
11 Sy :=Sn-... 11.471
12 oy :=on..| 9.93416
13 Sxy -5637. E .
< I3
E1| =“Two-Variable Statistics” . L]
L]
3 a 0.382 b 0.951 .
L]
c 0.938 d 0.732 81.6 . 1584
M 1.1 -1.2 I > CH4 Skills check
L1 SED o € .xcoord ycoord -
1Cdf(-0.4,0.8,2) 0.382266 - RO CUITEEY
1 100 33 Title Two-Va... Title Linear R...
tCdf(-0,1.83,10) 0.951412 2 115 38 X 126.9 RegEqn  |m*x+b
X
CAf(-1.75,00,7) 0.938203 S | I . 1209 m 0.245495
4 149 51 X 165059. b 9.44674|
tCdf(-1.14,1.14,20) 0.732245 5 83 36 =S| 21.1421 2 0.630724
| 6 132 40 oX:=0N...| 20.0572 r 0.794182
7 152 51 n 10. Resid -0.9961.,
;] ) 144 43 y 406
9 121 32 Iy 406.
= 10 128 42 zy? 16868
EXEI’CISe 4A 11 Sy:=Sn-..| 6.53537
1 12 Gy = on... 6.2
L1213, 21 = 13 oy 52509. 5
0.5TY 411 3
L4 . . .o, .
Since » = 0.794, there is a strong positive
. . correlation between the two random variables.
¢ ¢ M 1112 3 Exercise 4A v r
68|y
L]
£0.310.2 6.06xX R

° X
29.4 96.6
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WORKED SOLUTIONS

Tlxcoord choord I I I rl I w 7 Var(X+ Y) = E(X+ Y)Z - [E(X+ Y)]Z

= =TwoVar(’ =LinRegM

1 55 58 Title Two-Va... Title Linear R... = E(XZ + 2XY+ YZ) - (‘u'x'uy)z

2 35 65 X 66.7 ecFqn | m*x+ _

3 66 52 24 667. ;gEq _0,5529,_, - E(X2 + 2XY+ YZ) - ,LLi - 2 'ux‘uy - 'uJZ/
4 82 35 2 47645, b 86.1833

5 91 36 SX 1= 8Nn-... 18.7264 2 0.939034 = (E(XZ) - :Lt)zz )+ (E( YZ) - :Lt)z/)

6 79 2 ox=on.| 17.7654] |r -0.9690.. + 2(E(XY) — uxuy)

7 48 60 n 10. Resid 2.39513.

8 52 55 j 49.1 = Var(X) + Var(Y) + 2Cov(X, Y)

9 71 50 Iy 491.

10 88 38 2y’ 25147, 8 Since X and Y are independent variables,

11 Sy:=Sn-..|  10.744

12 Gy:=on..| 10.1926 E(XY) = E(X)E(Y) = U,

xy 30995. Hbf o
uii Hence, Cov(X,Y) = E(XY) - pu, = pp, — pp, =0.

Since » = —0.970, there is a strong negative Hence, p = 0.

correlation between the two random variables. .
Exercise 4C

Exercise 4B

1 7lxcoord ycoord I I
1 Cov(X, Y)=E(XY)- MM, - =LinRegtT
1 42 34| Title Linear R...
- E(XY) N ‘uy‘ux 2 2 18| Alternate...[B & p # ...
=Cov(Y, X) 3 26 14| Regkan  [a+b*x
4 22 20[ t 405922
2 Cov(X, X) = E(XX)—p ., 5 15 41| Pual 0.002289
_ N _ 2 6 44 44/ df 10.
=EX) - n, 7 50 51| a 9.76713
= Var(X) 8 38 45[b 0.73773
9 12 17]s 9.69498
3 Cov(aX, Y)=E(@@XY)-E@X)E(Y) 10 28 27| SESlope... | 0.181742
11 22 28] 2 0.622318
=aE(XY) - aE(X)E(Y) 12 1 1[r 0.788871
- a[E(XY) _ (‘ux‘uy)] 413 - . Resid {-6.7517... ]}3
D1 | =“Linear Reg t Test’

=aCov(X, Y)
Hy:p=0;H:p#0

Since 0.00229 < 0.01, we reject the null hypothesis.
There is evidence of significant correlation between

4 Cov(X, bY) = E(X(bY)) - E(X)E(bY)
= JE(XY) - E(X)E(bY)

= bE(XY) - bE(X)E(Y) the two variables at the 1% level.
= b[E(X Y) - (,llx[.Ly)] 2 Tlxcoord — I I n
=bCov(X, V) - ~LinRegtl
1 64 69 Title Linear R...
S COV(X1 + Xz’ Y) = E[(X1 + Xz )Y] - E(X1 + Xz )E(Y) 2 66 64 Alternate... (B & p # ...
3 68 67 RegEqn  |a+b*x
=E[X)Y + X,Y| 4 69 64 t 0.931872
5 70 62 Pval 0394177
_[E(X1) + E(Xz)]E(Y) 6 7 73 df 5.
- [E(le) B E(Xl)E(Y)] ; = = Z 0.453132
* [E(XZY) - E(X, )E(Y)] 190 ZESIope... o.tslaggzj
=Cov(X,,Y) + Cov(X,,Y) 1 © 0.147977
12 r 0384678
6 Cov(X, Y, + ¥) =E[(X)(Y, + Y)] ~ECOE(Y, + ¥, & fosd__[1.1026..
=E[XYI + XYz] —E(X)[E(YI) E1 |=“Linear Reg t Test
+ E(Y))] Hy:p=0;H,:p=0
= [E(XY) - EQE(Y)] + [EXY) . . .
Since 0.394 > 0.05, there is not enough evidence to
~ E(OE(Y,)] 5

reject the null hypothesis. There is not evidence of
significant correlation between the two variables
at the 5% level.

=Cov(X, Y)) + Cov(X, Y))

© Oxford University Press 2015: this may be reproduced for class use solely for the purchaser’s institute Statistics: Chapter 4




3 « |A xcoord I ycoord I I I I I - 2
= =LinRegtT
1 67 104 Title Linear R...
2 70 116 Alternate... (B & p # ...
3 70 121 RegEqn a+b*x
4 70 126 t 2.62304
5 71 117 Pval 0.034257
6 72 113 df 7.
7 72 124 a -93.
8 72 126 b 3.
9 73 127 s 5.78174
10 SESlope... 1.14371
11 2 0.49569
12 r 0.704052
i3 Resid {-4.-09... [
13
E1 | =“Linear Reg t Test”

Hi:p=0;H:p=0
Since 0.0343 < 0.1, we reject the null hypothesis.
There is evidence of significant correlation

between the two variables at the 10% level. 3

Exercise 4D

1l a & |Ascore[B age|Clhe... D We.. @ [ o
= =LinRegM =LinReg =LinRegM
1 62| 10| 145| 44.9Title..] LinearR... |Title..| Linear .... [Title... |Linear R...
2 94| 11| 150/ 42.1|Reg...| m*x+b Reg...| m*x+b  [Reg... [m*x+b
3| 81| 8 139] 302(m [0.014779 m | o0.1642..[m -0.2780...
4| 62| 9| 148| 414[b 8.48321 [b 131.601(b 61.3778]
5 58| 8| 130 41.8|r 0.035188(r° | 0.0426...|r 0.298465
6| 86| 10| 150| 38.4r 0.187584|r 0.2064|r -0.54632
7| 59| 11| 154| 54.1|Res..|{0.60049...|Res...| {3.216...Res... [{0.75945...
8| 72| 9| 140| 386
9| 54| 10| 153| 524
10| 60| 9| 120 386
11
12
13 i

113

E10

Column F shows the regression data for score
versus age.

Column H shows the regression data for score
versus height.

Column J shows the regression data for score

versus weight.

| 7| is largest for the random variables score and 4
weight, hence we use 7.
b From the GDC, S=-0.270W + 61.4
¢ From the GDC,
B E E 2 E ] E & 5
1 | Title... LinearR...
2 | Alternate... (B & p # ...
3 | RegEqn ath*x
4|t -1.84488
5 | Pval 0.102277
6 | df 8.
7|a 61.3778
8|b -0.2780...
9|s 6.1981
10| SESlope... | 0.150699
11| 0.298465
12(r -0.54632
13| Resid {0.75945.. ; &l
Cc13

Since p = 0.102 > 0.05 there is insufficient
evidence to reject the null hypothesis, i.e. there is
not evidence of significant correlation between
the score and the weight at the 5% level.
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WORKED SOLUTIONS

(o Woody [Enean [0 2} E ] E &

S =LinRegM

1 30 136 Title Linear R...

2 37 156 Regkan | m*x+h

3 38 150 m 1.90885

4 32 140 b 82.763

5) 36 155 2 0.57174

6 32 157 r 0.756135

7 33 143 Resid {-4.0286...

8 38 160

9 44 170

10 38 144

11

12

13 5l
_ I

F1

r=0.756, which indicates a strong correlation between
the two variables. Hence we find the line of regression,
y=191x+ 82.8, and when x = 35¢, y = 150mg.

a H:p=0,H:p=0

b [-fx F, [ @ [ F E
= =LinRegM =LinRegl
1 120 80 Title LinearR... |Title Linear R...
2 125 90 RegEqn m*x+b Alternate... [B & p = ...
3 130 92 m 0.62303 | RegEqn a+b*x
4 135 98 b 10.8182|t 10.0189
5 140 100 2 0.926185| pyal 0.000008
6 145 103 r 0.962385| df 8.
7 150 105 Resid {-5.6818...|a 10.8182
8 155 108 b 0.62303
9 160 110 s 2.82414
10 165 110 SESlope... | 0.062185
11 2 0.926185
12 r 0.962385
13 Resid {-5.5818... 5
[« I3
G1

r=0.962;p=8 x 1076

c There is very strong evidence to indicate a positive
association between the random variables X and Y.

d Since ris close to 1, we can find the regression
line, y = 0.623x + 10.8, and when x = 138 mm,

y=97mm.
8390_5(182j(200j
s s )

_Qxy-nxy
- 22 2
>y -ny 9850_5[200)

x-x=06(y-y)=>x=0.6y+12.4;x=66.4g

For the gradient of the Y on X line of regression,

- 580_10(3")(86]
Day—nxy 10 )L 10

= > =
220—10(30j
10

y—y=248(x —x)= y=248x +1.17

2.48, hence

For the gradient of the X on Y line of regression,

580—10(”)(86j
- Xy 10){10

= 2 .2 P
2.y = ny 1588—10(236)
10

x—x%=0.380(y — )= x =0.380y — 29.6

m 0.380, hence
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WORKED SOLUTIONS

xcord chord I I I I I 0

Review exercise 5 a

= =LinRegl
1 a risthe unbiased estimate of p, and 1| 5]  412[Tte | LinearR..
— 2 10.3 11.1| Alternate... [B & p # ...
_ inyf —nxy =0.975 3 20.1 18.7| Regkan | a+b*x
— — 4 55 52.3|t 20.9954
\/(Z xf - nxz)(z y,-2 - nyz) 5 39.6 41.2| pyal 2.78035...
6 241 26.5| df 8.
P n— 2 _ 10 7 7 31.2 29.3|a 2.59473
1- 7-2 : 8 9.5 11.2|b 0.904534
9 223 25.1|s 1.9017
Hence, since p =.000039 < 0.05, there is evidence 10 351 33.2| SESlope... | 0,043083
of a strong positive relationship between the two 1; :2 g:zféﬁ
random variables. i3 Resd  |1-1.6465.. g
Z o 37000 — S(M o 606) D5 |=2.7803542327572E-8
b m==2 Y 8 8 )_1088 From the GDC, r=0.991; p = 2.78 x 10°8
—n
2y = 49278 - 8(626j b The p-value suggests a strong relationship
7 1,088 _ 3 . between the two random variables, hence it
¥ —x =1.088(y - y)= x=1.088y - 27.4; makes sense to find the equation of the
x=324 regression line: y = 0.905 x + 2.59
. Cov(X,Y) . c y=0.905(19.8) + 2.59 = 20.5
2 Since p = ———--—, the maximum
VVar(X) Var(Y) d p=0.00620 < 0.01, hence there is a significant
Cov(X, Y) will occur when p = 1. correlation between the random variables.
Hence, Cov__ (X, ¥) = 1715 =10.2 6 a The gradient of the Yon Xline, y =a + bx, is
M, and the gradient of the X on Y line,
3 If p=0.9 then ¢ = inv£(0.9, 18) = 1.33039, and Var(X)
_ . Cov(X,Y) .. _
solving 1.33039 = 7 /% gives 7 = 0.299 x=c+dy, i . Since r=0,
Cov(X,Y) =0, hence y = a and x = b, and the
4a p= Cov@,7) _ Cov((X+7Y) (X +2) two lines are perpendicular.
JVar(U)Var(y) /Var(X + Y)Var(X + Z) 1
b Fory=a+bx, m=b,and forx =c+ dy,m=;.
_ Cov(XX) + Cov(XZ) + Cov(YX) + Cov(YZ) 1
J[Var(X + Y)] [Var(X + 2)] r=t1=7r"=1Sincer’ =bd = bd =1,b = 7
_ Var(X)+0 _ o’ _1 Hence, the two lines have the same gradient.
J262262 207 2 Since both regression lines must go through
(x, ¥), the lines are identical.
Hence it cannot be said that U and V are
independent. ¢ For the regression lines y = a + bx and x = ¢ + dy,
b oo SOV Cov((X+Y),(X-Y)) po CovXY) 4 CoviX,Y) oo
JVar(V)Var(w)  [Var(X + Y)Var(X - Y) Var(X) Var(Y)
2
_ Cov(XX)-Cov(XY) + Cov(YX)-Cov(YY) b — [ Cov(X,Y) } _ 2 Since b and d are
J[Var(X +Y)][Var(X -Y)] Var(X)Var(Y)

either both positive or both negative, » = + Jbd

Var(X) — Var(Y)
if both are positive, and = —/bd if both are

- \/[Var(X+ Y)][Var(X - 7)] )

negative.
We know that if V" and W are independent
then p = 0, but the converse does not d Since b and d are both positive,
necessarily hold. r = +bd =0.19x0.77 = 0.382
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